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Abstract 

We refine the cyclic cohomological apparatus for computing the 
Hopf cyclic cohomology of the Hopf algebras associated to infinite 
primitive Cartan-Lie pseudogroups, and for the transfer of their char- 
acteristic classes to foliations. The main novel feature is the precise 
identification as a Hopf cyclic complex of the image of the canonical 
homomorphism from the Gelfand-Fuks complex to the Bott complex 
for equivariant cohomology. This provides a convenient new model 
for the Hopf cyclic cohomology of the geometric Hopf algebras, which 
allows for an efficient transport of the Hopf cyclic classes via charac- 
teristic homomorphisms. We illustrate the latter aspect by indicating 
how to realize the universal Hopf cyclic Chern classes in terms of ex- 
plicit cocycles in the cyclic cohomology of etale foliation groupoids. 



Introduction 

Hopf algebras and their Hopf cyclic cohomology emerged as a new geometric 
tool in the work [Hj of A. Connes and of the first named author computing 
the local index formula for transversely hypoelliptic operators on foliations. 
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One of the key results was the construction of a canonical isomorphism [EJ 
Theorem 11] from the Gelfand-Fuks cohomology [2] of the Lie algebra of 
formal vector fields on IR n to the Hopf cyclic cohomology of the Hopf algebra 
1-L{n) associated to the pseudogroup of local diffeomorphisms of W 1 . This 
isomorphism made it possible to recognize the cyclic cocycle expressing the 
Connes-Chern character of the hypoelliptic signature operator as representing 
a classical transverse characteristic class [3] in the cyclic cohomology of the 
transverse etale groupoid associated to the foliation. 

Extending the construction of %{n) to all classical types of transverse geome- 
tries, in [30] we have associated a similar Hopf algebra "H(G) to each infinite 
primitive Cartan-Lie pseudogroup [5J HE], or equivalently to each classical 
subgroup of diffeomorphisms G C Diff(R n ). We showed that all these geo- 
metric Hopf algebras can be reconstituted as bicrossed products of traditional 
Hopf algebras, with one of the factors corresponding to a Lie algebra while 
the other is associated to a group. The bicrossed product structure was used 
in turn to express the Hopf cyclic cohomology of tL(G) in terms of adapted 
bicocyclic complexes. 

The present paper clarifies the relationship between the Hopf cyclic coho- 
mology of the Hopf algebras tL(G) and the classical characteristic classes 
(c/. [3], [I], [2]) of foliations with transverse G-structure. At the level of 
universal classes, we extend the canonical cohomological isomorphism of [E] 
to all classical types of transverse geometries. More significantly, by refining 
the cyclic cohomological apparatus for computing the Hopf cyclic cohomology 
of "H(G), we succeed in explicitly identifying as a Hopf cyclic complex the im- 
age of the Gelfand-Fuks complex through the canonical homomorphism of [E] 
into the Bott complex for equivariant cohomology. Distinct from the original 
realization of the Hopf cyclic cohomology of %{G) as differentiable cyclic 
cohomology [Ellin], this provides a front-end model for the Hopf cyclic coho- 
mology of %{G). Furthermore, we produce characteristic homomorphisms 
from the newly developed models for Hopf cyclic characteristic classes to the 
cyclic cohomology of the convolution algebras of etale holonomy groupoids, 
which work in the relative case with no compactness restriction. Finally, we 
concretely illustrate the latter feature by indicating how to realize the uni- 
versal Chern classes in terms of explicit cocycles in the cyclic cohomology of 
the convolution algebras of action groupoids. 

We now outline the plan of the paper and highlight its main results. Section 
[1] starts by recalling from [291 EH] the construction of the geometric Hopf 
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algebras %{G) and their bicrossed product decomposition "H(G) = J-"(*Jt) Xi 
W(s) ( §l-ip . as well as the Hopf cyclic bicomplexes associated to them ( §1.2j) 
and their reduction to a Chevalley-Eilenberg-type complex ( §1.3p . We then 
give in §1.41 a new Hopf cyclic interpretation to the latter, as a g-equivariant 
Hopf cyclic complex for the abelian Hopf factor J 7 ^) with coefficients in the 
Koszul resolution of A*g*, viewed as a differential graded stable anti-Yetter- 
Drinfeld module (cf. Theorem I1.14p . 

Section [2] is devoted to the construction (§ §2.1112.2]) of an explicit quasi- 
isomorphism between the Gelfand-Fuks cohomology complex of the Lie alge- 
bra of formal vector fields a(G) = g \x\ n and the Hopf cyclic cohomology of 
"H(G). While this is patterned on the corresponding construction in [8], the 
novel feature consists in the exact identification in Hopf cyclic terms of the 
target of the canonical quasi-isomorphism. Theorem 12.111 in §2.31 identifies it 
as being precisely the g-equivariant Hopf cyclic complex of Theorem 11.141 

The transfer of the universal Hopf cyclic classes from the Hopf cyclic co- 
homology of "H(G) to the cyclic cohomology of the convolution algebras of 
G-holonomy etale groupoids is treated in Section |3J In §3.11 we construct 
characteristic maps adapted to the bicrossed product models for Hopf cyclic 
cohomology, and landing in the Getzler- Jones models [16] for the cyclic coho- 
mology of crossed product algebras. Theorem 13 . 71 reconciles these maps with 
the original characteristic map of [8], by showing that they are all equiv- 
alent. With the goal of facilitating the transport of characteristic classes 
from the Gelfand-Fuks cohomology via the Hopf cyclic cohomology, in §3.21 
we introduce a differential graded characteristic map from the g-equivariant 
Hopf cyclic complex of "H(G) to differential etale groupoids. Remark [3115] ex- 
plains how this transfer can be concretely implemented, by relating the above 
characteristic map to Connes' map [7] Theorem 14, p. 220] from the Bott 
bicomplex for equivariant cohomology to the cyclic cohomology bicomplex, 
and to Gorokhovsky's differential graded analogue [T7] Theorem 19]. 
Finally, we treat the relative case in Section H] Unlike the original char- 
acteristic map (cf. [8]), the graded characteristic map does not require an 
invariant trace and thus descends to the relative complex even when the 
underlying reductive subgroup of the linear isotropy group is not compact. 
In particular, this allows to realize the Hopf cyclic version of the universal 
Chern classes both in terms of the Bott bicomplex, and as cocycles in the 
cyclic cohomology complex of an etale foliation groupoid. 
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1 Hopf cyclic cohomological models 

1.1 Geometric Hopf algebras and their bicrossed prod- 
uct structure 

Inspired by the G. I. Kac procedure [22] for producing non-commutative and 
non- co commutative quantum groups out of matched pairs of finite groups, 
the construction of the Hopf algebra associated to an infinite primitive Cartan- 
Lie pseudogroup (c/. [5] for the general pseudogroup and [3U] for all others) 
relies on splitting the corresponding group G of globally defined diffeomor- 
phisms of W 1 as a set-theoretical product of two subgroups: G = G ■ N, 
G H N = {e}. When the primitive pseudogroup is flat, i.e., contains all the 
Euclidean translations, G is the subgroup of the affine transformations of M n 
that belong to G, and N C G is the subgroup of those diffeomorphisms that 
preserve the origin to order 1. The only primitive pseudogroup which is not 
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flat is the pseudogroup of contact transformations. In that case (cf. [3U1 
§2.2]), the Euclidean translations are replaced by Heisenberg translations. 
More precisely, regarding IR 2n+1 as the underlying manifold of the Heisen- 
berg group H n , G is the semi direct product H n x Go, with H n acting by left 
translations, and Go consisting of the linear contact transformations. The 
complementary factor N is the subgroup of all contact diffeomorphisms pre- 
serving the origin to order 1 in the sense of Heisenberg calculus, i.e., whose 
differential at is the identity map of the Heisenberg tangent bundle. 
The splitting G = G ■ N allows to represent uniquely any <p G G as a product 
<p = tp ■ ip, with tp G G and ip G N. Factorizing the product of any two 
elements tp G G and ip G N in the reverse order, ip ■ tp = (ip > tp) ■ (ip < tp) , 
one obtains a left action ip i— > ip(tp) := ip t> tp of iV on G, along with a right 
action < of G on N. Equivalently, these actions are the restrictions of the 
natural actions of G on the coset spaces G/N = G and G\G = N. 
Denoting by q the Lie algebra of G and by n the Lie algebra of N, we 
abbreviate U = U(q) and let J 7 stand for the algebra of functions on N 
generated by the components of the jet of ip at e G G, as ip runs through 
N. U is endowed with the standard Hopf algebra structure of a universal 
enveloping algebra, while J 7 is a restricted dual to U (n) and is a Hopf algebra 
with respect to the coproduct inherited from the group multiplication on N. 
While referring the reader to [301 §2.1-2.2] for details, we succinctly recall the 
salient points regarding the construction of the Hopf algebra H = "H(G). 
First of all, U is a right J-"-comodule coalgebra with respect to the coac- 
tion ▼ : hi — > U £g> J 7 which can be concretely described as follows. Let 
{Xi, . . ., X m } be a basis of q, and let {X/ = X] 1 ■ ■ • ; i\,...,i m G Z + } 
be the corresponding Poincare-Birkhoff-Witt basis of U. Then 

J(Xj) = ^XjQrij, with 77/(.) := T /(.)(e), 

J (1-1) 
where X T U^-i = J] 7 /(V>) Xj, ip G N. 

j 

The properties which make ▼ : hi — > hi ® T a right coaction are: 

«<o>W ® U <0> (2) ® 11 <X> = U(i) <0> ® U( 2)<0> ® U(D <1> U(8) <1> 2 ^ 

e ( M < >) M <i> = e^) 1 ) Vm e u - 

One can then forms a cocrossed product coalgebra T ►< U that has H <8> fC 
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as underlying vector space and the coalgebra structure given by: 

(1.3) 



A(/ Xu) = f(i) X U(i )<0> <g> /(2)W(i) <1> ►< U(a), 



e(h X k) — e(h)e(k). 

On the other hand, the right action < of G on N induces a left action of G 
on J 7 , which in turn gives rise to a left action > of W on J 7 ; that makes T a 
left W-module algebra, i.e., for any u EU, and /, g G J 7 , 

u>(fg) = («(i)> f)(uv)>g), 
u > 1 = e(it)l. 

This allows to endow the underlying vector space T^U an algebra structure, 
which we denote it by J 7 X W; it has 1 XI 1 as its unit, and the product 

(/ XI u)(g X u) = / > g X W(2)f . 

Furthermore, W and T form a matched pair of Hopf algebras in the sense 
of [28]. More precisely, the above action and coaction satisfy the following 
properties: 

e(«>/) = e(«)e(/), V.gWJgJ, 

A(u> f) = U(i) <0> >/(!) (g)M(i) <1> (M(2) >/(2)), 

▼(1) = 1(8)1, (1.5) 
W(uv) = u w<0> v <0> <8> u w<1> (u(2) > 

M(2) <0> (8> (ti(l) > f)U(2) K1> = U(l) <0> (8> «(!)<!> (W(2) > /)• 



Superimposing the coalgebra structure J 7 X U and the algebra structure 
T X U, one obtains the bicrossed product Hopf algebra H = T X U, 
which has as antipode 

S(f X u) = (1 X S(u <0> ))(S(f U<1> ) X 1). 

The following auxiliary results will be needed later in this paper. 

Lemma 1.1. For any u ElA, and f E J 7 one has 

S(u»f) = u <0> »S(f) S( U<1> ). 
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Proof. Let us endow U <S> T with tensor coproduct, and consider the convo- 
lution algebra Hom(W (g) J 7 , J 7 ). Define three elements i^, L and M of the 
latter algebra as follows: 

K(u®f)=u>f, L(u®f) = u>S{f), M(u®f) = S(u <0> >f) U<1> . 

Using the fact that J 7 is a W-module algebra, one checks that K and L are 
left and right inverse of one another; indeed, 

(K * L)(u ® f) = 0(i) > /(i))(«( 2 ) > S(f {2) )) = 
u»(f m S(fw)) = u>e(f) = e(u)e(f), 

and the verification of other identity is similar. On the other hand, making 
use of (11.51) . one sees that M * K = Id. So M = L, which is equivalent to 
the claimed identity. □ 

Although U is not J 7 comodule algebra, i.e., ▼ is not algebra map, the 
properties ( 11.50 seem to suggest that there could be an algebra structure on 
U ® J 7 which would make ▼ an algebra map. With this in mind, we define 
a new action of U on J 7 , ►: U (g) J 7 — > J 7 , which convolutes the above action 
and coaction, by 

u ► / = S'\ U<1> ) u <0> >f, ueU^feF. (1.6) 

Lemma 1.2. The above formula defines an action which makes J 7 a U cop - 
module algebra. 

Proof. To prove that it is an action, we note that by Lemma 11.11 

S(u^f) = S(S-\ U<1> )u <0> t>f) = 

S(u <0> > /) u K1> = u <0> >S(f)S( y u <1> )u <2> = u >S(f). 

This implies that 

S(uv ► /) = uv > S{f) =u>(v> S(f)) =u>S(v>f) = S(u ► (v ► /)). 

Next, we show U cop acts on J 7 by a Hopf action, as follows: 

S(u ► (fg)) = u > S(fg) = u w > S(g) u m > S(f) = 
S(u w ► g)S(u(2) ► /) = S((uw ► f)(u(i) ► g)). 

□ 
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In view of the above lemma, one can now form a new crossed product algebra, 
which we denote by J 7 XI U cop . 

Let W T = Ti >2 o T : U — > J 7 (g) U, where Ti >2 : W ® J 7 — > J 7 ® W stands for the 
flip map. 

Lemma 1.3. The map T T : U — > T X W cop is an algebra map. 
Proof. Indeed, using (11. 5p we can write 

J T (u)W T (v) = ( U<1> ®u <0> )(f <1> ®v <0> ) = 

«<i>("<o>P) ► «<!>) ® «< >(i)^<o> = 
M(i )<1> M(2) <1> (M(2) <0> ► U 0> ) (8) U(i) <0> V <0> = 

U(i) <1> U(2) <2> 5~ 1 (n (2 ) <1> )(n(2) <0> > u <:l> ) g) n ( i )<0> t; <0> = 
U(i )<1> (u(2 ) >v <1> )®u w<0> v <0> = (H<i> ® M«» = ▼ T W- 

□ 

Lemma 1.4. T7ie antipode ofU satisfies the following colinearity property: 

j(S(u)) = S(U(2) <0> ) <g) ^(Md)) >M( 2)<1> , V« G W. 

Proof. We first show that the operator 

1t(2) <1> <E> S(ll(2) <Q> ) . 

is the right inverse of T T in the convolution algebra Hom(W, T X IA co P). 
Indeed, one has 

(T T *L)(u) = T t (m ( i))L(m( 2) ) = 

(«(!)<!> ® «(!)<,» )(£(«(»)) > MC3) <X> ® -S'('U(3) <0> )) = 
M(1) <1> M(1) <0> (2) ► (S'(tt(2)) >tt(3) <1> ) (g) U(1) <0> (1)5(«(3) <0> ) = 
Um(l) <1> U(l)(2) <1> U(l)(2) <0> ► (S(U(2)) > «(3) <1> ) <S> M(l)(l) <0> S'('U(3) <0> ) = 

W(1)<1>«(2)<1 > «(2) <0> ► {S{U(3))t>U (i)<1> ) <g> u w<0> S(u { 4. )<0> ) = 

M(1) <1> M(2) <2> S'~ 1 (M(2) <1> )M(2) <()> > (S(U(3)) >M(4) <1> ) <g> M(1) <0> S'(M(4) <0> ) = 
U W<1> (U(2)S(U(3)))>U(4.) <1> ®U W<0> S(U(4) <0> ) = 

U(i )<1> U(2 )<1> <g> n ( i) <0> 5 , (n ( 2) <0> ) = u <1> <8> « <0> w « ) = 

u K1> ®e(u <0> ) = e{u) <g> 1. 

On the other hand, since according to Lemma 11.31 ▼ T is an algebra map, it 
is automatically two sided invertible, with J T o S as its inverse. It follows 
that W T o S = L, which proves the claim. □ 
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1.2 Hopf cyclic complexes based on bicrossed product 
structure 

The Hopf algebra % = %(G) comes equipped with the character 5 G H* , 
the unique extension of the infinitesimal modular character of q, S(X) = 
Tr(adX). Moreover, 5 : "H — > C satisfies Sj = Id, where Ss(h) = 5(lni))S(h(2)). 
This means that the corresponding module C$, viewed also as a trivial co- 
module, defines a modular pair in involution (cf. [9]), and a particular case of 
SAYD module- comodule (cf. [IS]). Such a datum allows to specialize Connes' 
-ExtA-definition [5] of cyclic cohomology to the context of Hopf algebras (cf. 
[H|9]). The resulting Hopf cyclic cohomology, introduced in [8] and extended 
to SAYD coefficients in [20], incorporates both Lie algebra and group coho- 
mology and provides the appropriate cohomological tool for the treatment 
of symmetry in noncommutative geometry. However, its computation for 
general Hopf algebras poses quite a challenge. 

For the convenience of the reader, we recall below from [291 E0] how one can 
replace the standard Hopf cyclic (b, S)-complex (C*("H, C$), b, B) of [BJ |9] by 
cohomological models which exploit the bicrossed product structure. In fact, 
such bicocyclic bicomplexes are associated in [501 §3.2-3.3] to any bicrossed 
product Hopf algebra equipped with an SAYD module. A bicocyclic bicom- 
plex is a bigraded module whose rows and columns are cocyclic modules and, 
in addition, the vertical operators and the horizontal operators commute. 
In the particular case ofH = "H(G) with coefficients in C<5, the first bicocyclic 
complex C^(U, J 7 , C^) consists of the collection of vector spaces 

C^ q \u, 7, C s ) := C 5 ® n (U® p+1 ® F® q+1 ), (p, q) e Z+ x Z+ (1.7) 

the tensor product over % being taken with respect to the following action 
of % on U and T : 

(/►< u)v = e(f)uv, (/ +4u)g = fu>g, u,veU, f,geF. 

To simplify the formulas for the boundary operators, we introduce the ab- 
breviated notation 

u = u ®---®uv, /=/°®---<8>/*, 

S <o> ® S <i> = ul <o> ® • ■ • ® uP <o> ® l * 1 <i> • • • « P <i>- 

With this convention, the horizontal operators are defined by 
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di(l <8u®/) = l®u°<8---® A(u*) <g> • • ■ g) u p ® /, 
d p+ i(l<8«<8/) = 

1 (8) u° ( 2) <8> • • • <8 m p <8 u°(i) <0> ® /°it(i) <x> 8> • • • <8 /%(d <g+1> , 
aj(l (8) « (8) /) = 1 <8 u° <g> • • • <8 <8 • • • ® w p <8 /, 

r(l®«®/) = 

1 (8 m 1 (8 • • • <8> m p <8> m° <0> (8 /°m <1> <8 • • • <8 f q u <q+1> ; 
and the vertical operators are denned by 

t$(l ®m®/) = 1®m®/ ®---® A(f) <g> • • • (8 A 
t9 ?+1 (l(8w<8 /) = 
1 <8) «° <0> <8) • • • (8 « 9 <0> (8 /° ( 2) <g> • • • (8 f q <8 /°(i ) 5'(w <1> . . . 1 
t<Tj(l (8 « (8 /) = 1 <8 u (8 /° (8 • ■ ■ <8 ® • • ■ (8 A 

fr(l ®u®f) = 

1 (8 u° ( o) (8) • • • ® «V) <8> Z 1 <8> • • • <8 f <8> fSiu ^ . . . 



(1.9) 



(1.10) 



The Hopf algebra W admits the following action on on J 7 ® 9 , which plays a 
key role in the definition of the next bicocyclic module: 

u • (f 1 ® • • ■ ® D = (1 ►< «) • (f l ® • • • ® D : = 

(1 K n),!,/ 1 ® • • • (8 (1 n) ( „)/ n = (1.11) 

M < 1 )<0> > f 1 ^ M(l) <1> M(2) <0> > f <8 ■ ■ ■ (8 W(l) <n _ 1> • • .M(n-l) <1> M(n) > /". 

It is worth mentioning that, although this action does not make J 7 a Id- 
module coalgebra, it does commute with the coproduct. 
With this understood, the second bicocyclic module C(U, J 7 , Cg) is given by 
the following diagram: 
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(1.12) 



t6 



f6 



t-B 



C 5 ® W® 2 



B 



\b 



fB 



fb 



t-B 



B 
b 



:C S ® W ® J 7 : 
^ C 5 ® J 7 — 



B 

— > 
6 



tb 
tb 



fB 



t-B 



B 

— ¥ 

b 



fb 



t-B 



® J 75 



B 

— > 
6 



B 



B 



whose horizontal maps are given by 
d (l®«®/) = 1® 1 



u 1 (8) 



9,(1 



u ® /) = 1 ® 
9p+i(l®u® /) = 1 



u 1 <8 



u 1 (8) 



..®u p <3f 
A(«*) ® . . . ® 
® u p <8 1 ® / 



^■(1 



u 1 ® 



U®/) = 

r(l ® u ® f) = 

£(uV)) ® ^(m 1 ^)) • (w 2 (8> • • • 



en 



u p ® f 



u p ®f 



while the vertical operators are defined by 

t<9 (l ®«®/) = 1®u®1®/, 
tdj(l <g> u (8 /) = 1 (8 u ® Z 1 (8 ■ • • (8 A(/ j ) (8 
t9«+i(l ® u® /) = 1 ® S <0> ® / <8 5 , (u <1> ), 
tc7j(l ®u<8/) = l®u®/ 1 ®---® e(/ j+1 ) C 
tr(m ® u <8 /) = 

i ® «< > ® sc/ 1 ) • (/ 2 ® • • • ® r ® ^(fi<x>))- 



®r, 
■®r 



(1.13) 



(1.14) 



The next step consists in identifying the standard Hopf cocyclic module 
C*(H,Cs) to the diagonal subcomplex D* of C*'*. This is achieved by 
means of the map : D* — > C*(H,Cs) together with its inverse : 
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C* — > D* . They are explicitly defined as follows: 

<8> U 1 <8> • • • ® <g) J 1 ® • • • <8> /") = 

1 ® J 1 ►< m 1 <()> (8) / 2 « 1 <1> X m 2 <0> <8> • • • <8> (1.15) 
®---®r^ 1 <ri _ 1> ...n- 1 <1> K)u n , 

respectively 

*- x (l ® J 1 K u 1 (8) . . . (8) / n K u n ) = 
1 ® w 1 ^ ® • • • (8 w n-1 <0> ® «™ ® Z 1 ® 

® fsv^j ® / 3 ^(« 1 <„- 2 >« 2 <„- 2 >) ® • • • ® r^(« 1 < 1 > . . . « n - 1 < 1 >). 

(1.16) 

With Tot{C) designating the total mixed complex Tot(C) n = @ p+q=n ^8 <8> 
W <8> J r<? , we denote by Tot(C) the associated normalized subcomplex, ob- 
tained by retaining only the elements annihilated by all degeneracy operators. 
Its total boundary is ot + Bt, with and Bt defined as follows: 

6 P =X)(- 1 ) ifl » t^ = ^(-im, 

i=0 i=0 

= J] ^ + tV (1-17) 

p+g=n 

5 P = %-iT, tB q = (£(-l) (<? " 1)4 V)^-! tr, 

i=0 i=0 

5 T = ^ £ P + T 5 g . (1.18) 

p+q=n 

The total complex of a bicocyclic module is a mixed complex, and so its 
cyclic cohomology is well-defined. By means of the analogue of the Eilenberg- 
Zilber theorem for bi-paracyclic modules [161 126], the diagonal mixed com- 
plex (D,b,B) and the total mixed complex (Tot C, br, Bt) can be seen to 
be quasi-isomorphic in both Hochschild and cyclic cohomology. At the 
level of Hochschild cohomology the quasi-isomorphism is implemented by 
the Alexander- Whitney map AW := p+g=n AW m : Tot(C) n -»■ D n , 

AW M : C s (8 U® v (8 T m — ► C 5 <g> (8 J* 7 ®^ 9 

= (-l) p+ "T<9o t^o • • • t9o5 n a n _x . . . . (1-19) 
(? times 
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Using a standard homotopy operator H, this can be supplemented by a 
cyclic Alexander- Whitney map AW := AW o B o H : D n Tot(C) n+2 , and 
thus upgraded to an 5-map AW = (AW, AW'), of mixed complexes. The 
inverse quasi-isomorphisms are provided by the shuffle maps Sh := D(C) n — > 
Tot(C) n , resp. Sh = (Sh, Sh'), which are discussed in detail in [26] . 
We refer the reader to [501 Theorem 3.16 and §3.3] for a complete proof of 
the statement recorded below. 

Proposition 1.5. The mixed complex (Tot C*{U, J 7 , <Cs), br, Bt) is quasi- 
isomorphic to the standard total Hopf cyclic complex (Tot C*(l-L, C§), b, B). 

The bicocyclic module (11.121) is an amalgam between the Lie algebra ho- 
mology of g with coefficients in C$ (8 J 7 ®' and Hopf cyclic cohomology of T 
with coefficients in the comodule U(g)®* . It can be further reduced to the 
bicomplex C*'*(g, T , C$) := C5® A'g® J 7 ®*, obtained by replacing the tensor 
algebra of U(g) with the exterior algebra of g. To this end, recall the action 
( II. lip , which restricted to g reads 

X . (f 1 ® • • • ® n = (1 K X)(f) = (1.20) 
*««,> > f ® X W<1> (X (2)<0> > f) <8 ■ ■ ■ <g> Id)^^ . . . X(,-i )<1> (X w > / 9 ), 

and define d 3 : (8 A p g (8 J 7 ®" ->• C 5 ® A^g ® J 709 as being the Lie algebra 
homology boundary with respect to the action of g on <8> J 7 ® 9 defined by 

(l<8>/)«X = <HX)<8/-l<8X«,/\ (1.21) 

Via the antisymmetrization map 

a g : C s ® A g g (8 J 7 ^ ->• Q (8 W 09 <8> J 7 ^, a = a (8 Id, (1.22) 

a(l <8> X 1 A ■ ■ • A X p ) = - V (-1) CT 1 (8) X ct(1) (8 • ■ • ® X ct(p) , 

the pullback of the vertical 6-coboundary in ( I1.12p vanishes, while the vertical 
5-coboundary becomes d g (cf. [HI Proposition 7]). 

On the other hand, since J 7 is commutative, the coaction ( II. ip extends from 
g to a unique coaction J g : A p g — > A p g (8 -T 7 satisfying 

^(X 1 A • • • A X") = X x <0> A • • • A X\ 0> ® X 1 ^ . . . X" <x> . (1.23) 

The coboundary bjr is given by 
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b T (l®a® f 1 ® 
J] (-1)^1® a®/ 1 

l>i><? 



W+ 1 



1 ® a 



<0> 



f 1 



f q ) = 1 (g> a ® 1 <g> J 1 ® • • 
<g> ■ ■ • ® A(f ) g> • • • <g> / 9 + 

■■®f q ®S( a<1> ), 



1.24) 



while the S-boundary is 



'g-i 



where 



,i=0 



7>(1 <g>a g> J 1 
cr(l ® a <g> J 1 § 



3 /«) = 1 <8> a <0> <8> Stf 1 ) • (/ 2 ® • • 
/«) = e (/«) ® a ® J 1 (g) ■ ■ • ® 



(1.25) 

/ 9 ®5(a <1> )) J 



Thus we arrive at the bicomplex C , ' , (g, J 7 , Cs), described by the diagram 

(1.26) 



C 5 ® A 2 g 

9„ 



6^ 



c 5 ®c 



Bp 
b T 



C s ® A 2 Q ® J 7 < " C 5 (8) A 2 ® J 7 ' 



D2 6 ^ 



bj= 



C 8 ® g ® J 7 : 



bj= 



'.C s ®g® F 



■®2 



6^ 



: Ca <g> C <g> J 7 : 



6r 



®2 Jl£_ 



Actually, since T is commutative and its action on Cs® A q Q is trivial, by 
Theorem 3.22] Bjr vanishes in Hochschild cohomology and therefore can be 
omitted from the above diagram. 

Referring to [201 Prop. 3.21 and §3.3] for more details, we state the conclusion 
as follows. 

Proposition 1.6. The map ( 11.221) induces a quasi-isomorphism between the 
total complexes Tot C*'*(g, J 7 , Cs) and Tot C°'*(U, J 7 , Cs). 
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1.3 Passage to Lie algebra cohomology 

In order to convert the Lie algebra homology into Lie algebra cohomology, 
we shall resort to the Poincare isomorphism 

D B = 5 n <g> Id : A q g* <g> F® p ->■ A m ~ q g g> A m g* <g> 

C) (?7) = l^JZU (g) w , 

where is a covolume element and ro* is the dual volume element. The 
contraction operator is defined as follows: for A G 0*, t(A) : A*0 — >■ A ,-1 is 
the unique derivation of degree —1 which on g is the evaluation map 

l(X)(X) = (X,X), VIeg, 

while for ?7 = Ai A • ■ ■ A A g G A q g*, i(rj) : A'g -»■ A'~ q g is given by 

t(Ai A ■ ■ • A A 3 ) := t(A g ) o . . . o t (Ai), VAi, . . . , A 3 G fl*. 

Noting that the coadjoint action of induces on A m 0* the action 

ad*(X)ro* = 8{X)w*, VX G 0, (1.28) 

we shall identify A m 0* with C$ as 0-modules. 

To define the coaction of J 7 on A*0*, we proceed in a manner similar to the 
definition of its coaction on U(g). First, we identify A*0* with the graded 
algebra Q'(G) G of left-invariant differential forms on G. We fix a basis 
{cu±, . . . , u m } of fl 1 (G) G , and denote by {ua = oj ai A • ■ ■ Au ap ; a± < . . . < a p } 
the corresponding basis of Q P (G) G . Given any u G A p 0* = Q P (G) G , we de- 
fine a polynomial function on N with values in A p 0* by restricting the (not 
necessarily invariant) form ip*{u) to the tangent space at e G G: 

(V) = (^ _1 )» le, ?peN. (1.29) 

Explicitly, W s *u G A p 0* ® T(N) is defined as follows. Express cu G A p 0* in 
the form 

Or 1 )*^) = i> e iv, (1.30) 

with Ja^) m the algebra of functions on G generated by {7j....(V0}- Then 
Vw = 53o;b®C where vM)=^W{e). (1.31) 
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Lemma 1.7. 

V:AY->AV®W, (1-32) 

defines a right coaction. 

Proof. On applying fll.30p twice one obtains 

= E ( E WW ° (^r 1 )) -yg(^i) ) ^. 

c V s / 

On the other hand, 

c 

Equating the two results, one obtains 

tS'GMsO = E WW ° W 1 )) tbC^l), 

which by evaluation at e G G yields 
In turn, this gives 

(T fl .®Id)(T fl .w) = (T g *®Id)E^®^ 

= E w c®^b®^ = E Wc ® A (^-) = (Id®A)(Vw). 

□ 

Remark 1.8. The above coaction gives rise to a left action > : A p g* x N — > 
A p g* of N on A'fl*> via 

T 8 *u; = u <0> <g> w <1> = w <1> (^)u; <0> , 6iV (1.33) 

This action coincides in fact with the natural action of N on A*g*, that is 

i>>u = O" 1 )*^ |e • (1-34) 
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Indeed, by (11.31)) . for any basis element one has 

B 

Lemma 1.9. The coactions W * : A'q* -> A'q* <g> T and T g : A'q -> A'g® T 

are Poincare dual to each other, i.e. for any £ £ A'q* , 

M0 = V?°**°Q*(C) (1-35) 
Proof. This follows from the obvious identity 

\ e ,^ e (X)) = (U>,X | e ), W £ 0* , X £ , $ £ iV, (1.36) 

combined with the fact that any covolume element w £ A m g is G-invariant, 
(p*(w)=w, \/ip £ G C Diff(M n ). 

□ 

Remark 1.10. The equality ( II .36)) together with the definitions ( II. ip and 
(TOO]) imply 

B C 

A 

This shows that for u and X dual to each other the corresponding matrices 
(jIub) an d {vx b) are inverse to each other. 

By transfer of structure, the bicomplex ( 11.261) becomes (C'*(q*, J 7 ), d s *, b^), 

(1.37) 



A q* ® T Z^—l A g* <g) J 7 ' 



6> 



B i 



0* ® J 7 : 



9 8 * 



C: 



in 



B\ 



0* (8) J* 



lit 



B* T 
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The vertical coboundary d Q * : C p,q — > C p,q+1 is the Lie algebra cohomology 
coboundary of the Lie algebra g with coefficients in J r ^ p , where the action 
of g is 

(f 1 ® • ■ ■ ® f ) « X = -X . (J 1 ® • • • ® f ). (1.38) 

The horizontal 6-coboundary 6^, resp. the horizonal £>-boundary are the 
Hochschild coalgebra cohomology coboundary resp. the £>-boundary opera- 
tor of J 7 with coefficients in the comodule A q g* with respect to the coaction 
of jF defined by (ll.3ip . given by formulae similar to (ll.24p . resp. (jl.25p . 
For future reference, we record the conclusion. 

Proposition 1.11. The map (jl.27p induces a quasi-isomorphism between 
the total complexes Tot C u ' m (U, J 7 , C s ) and Tot C"'"(g*, J 7 ). 

1.4 g-equi variant Hopf cyclic interpretation 

We shall now give a genuine Hopf cyclic interpretation to the bicomplex 

f ll.37p . by recasting it as a g-equivariant Hopf cyclic complex for T with 

coefficients in a graded SAYD built out of the Koszul resolution. 

We recall that the Koszul resolution associated to the Lie algebra g is the 

complex 

V(tf): W^0*®WA A V®W^-- (1.39) 

where the coboundary 8k is the usual Lie algebra cohomology coboundary 
of g with coefficients in U, and g acts on U from the right via 

<:U®Q^U, u<X = -Xu, leg, u^U. (1.40) 

We endow V®(g*) = A'g* <g> U with a coaction J K : V®(g*) ->■ J= <g> V®(g*) 
defined as follows: 

V K (w ®u) = S(u <0> (2)) > S(u (1.41) 

Equivalently, using (II. 2ft we can rephrase the definition as 

W k (oj <g> u) = S , (m (2)<0> ) > S , (m(i) <1> M(2) <1> o; <1> ) ® w <0> ® u C i) <0> ; (1.42) 

here w <0> ® w <1> refers to the same coaction of T on A'g* used in fll.32p . 
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Lemma 1.12. The map J K : V ffi (fl*) — > T <E> V^®(fl*) a coaction. 

Proof. We need to check that (Id <g>Y A ) o T A - = (A <g> Id) o T. Using (TO]) we 
can write 

(IdOTjf) o j k (uj ® «) = 

(Id®V^)(,S(u <0> ( 2 ))> 1 S(n 

^(«<o>(2)) > W <a> ) <8> 5(«<o>(i)<o>w) > S(« <0> W<i> w <i>)® 

W «)> ® U <0>«<0>M = 

<1> W <2>) ® *S'( ?1 <0> < 2 ) <0> ) ^ *5'( ?1 <0>( 1 )<1> M <0>( 2 )<1> I ^'<1>)® 

w <o> ® M <o>(D<o> = 

5(u(3) <0> ) > <2> U{2) <2> U(s) <1> uj <2> ) <g> 5"(u(2 )<0> ) > 5(n ( i) <1> U(2) <1> a; <1> )(g) 

UJ <0> <8>M(i) <0> . 

On the other hand, using fll.4ip and Lemma 11.41 we see that 
(A <g> Id) o T K (u (8) u) = 

(A g) Id)(S , (u( a ) <0> ) > 5(n ( i) <1> u ( 2) <1> a; <1> ) ® w <0> ® u (1)<0> ) = 

5(^(2) <0> (2))< > > S(U(1) <2> U(2) <2> W <2> )® 

^(M(2)<0>(2))<1>'5(M(2) <0> (1)) > 5(W(1) <1> « C 2) <1 >^ <1> ) ® W <Q> ® U(l) <0> = 

5(n ( 2) <0>( 3) <0> ) > 5(u(i) <2> U( 2)<2> w <2> )® 

( 1 S(m(2) <0>(2 )) > (m(2) <0> (3) <1> 5(m(i) <1> M(2) <1> u; <1> )) ®w <0> <g>U(i) <0> = 

5 '( M (3)<0>) > 5'(W(1)<2> M (2)<2> M (3)<1>W<2>) ® 5 '( M (2)<0>) > <1> M (2) <1> ^<1> ) ® 

^<o> ®M(i)<o>- 

□ 

Since J 7 is commutative, ^®(g*) endowed with the trivial J-"-action can be 
viewed as an SAYD over J 7 , hence its Hopf cyclic complex C , (J r , V*(g*)) is 
well-defined [19]. On the other hand, recall that U(q) acts on J 7 ® 9 via the 
action • defined in (11.201) . We denote the graded module V®(q*) ® u ®F® q 
tyC£GF,V®( fl *)). 

Proposition 1.13. The cyclic structure of C^J 7 , V®(q*)) descends to the 
quotient complex Cy(T, V® ($*)). 

Proof. The action • commutes with comultiplication of J 7 , although J 7 is not 
U (g)-module coalgebra. This ensures that • commutes with all cofaces of the 
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Hopf cyclic complex C*(J r , V®(g*)), except possibly the very last one. On 
the other hand, using the fact that e{u > /) = e(u)e(f) one sees that • also 
commutes with co degeneracies. It remains to check that • commutes with r, 
more precisely to show that 

t(lj ® u <g> f 1 (g ■ ■ ■ <g> f q ) = t(lu (g 1 (g it • (J 1 g) ■ ■ • ® f )). 

By the very definition, 

r(oo <g> u <g> f 1 ® ■ • • (g f q ) = 

^<o> ®W «<o>W ® ^(Z 1 ) ■ (/* ® ■ • • ® /* ® S(u <0>(2) ) > S'(«<i>W <1> )). 
On the other hand by using (jl.2p . (II. 5p . and Lemma [1.1| we see that 
r(u; <g 1 <g u • (J 1 <g • • • <g J 9 )) = 

w <0> g) 1 <g w S(u(i )<0> > J 1 )) • (M(i) <1> n ( 2) <0> > / 2 <g> . . . 

■ ■ ■ ® «(!)<,-!> • • • M(»-1)<1>«C1)< > > ® 5 ( W <1>)) = 

w <0> ® 1 ®u (u(D <0> > • (n (2)<0> > / 2 ® . . . 

••• ®W(2)< g -2> ...«(«-!) <!>«<!) <0 > >/ , ®5'(«(1)<1>)5'(w <1> )) = 
W <0> <g 1 ® W M(l) 

<0> M <0> ^ ^(/ (9)) M (2) <0> 
. . . <g W(l) <0> (!)<,_!> • • • «(1)< >('3- 1 )<1> M ( 1 )<0>(9)<0> > S{f l {2)) 
M ( 1 )<0>( 1 )<0> > 5'(/ 1 (^)W(2)< 9 -2> • • .«(«-!) <!>«(!) <0 > > P® 
U M<0>W«3> ■ ■ • «(1)<0> (<?)<!> «(1)<0> (9+1) > £( M (1)<1>)'S'( W <1>) = 

w <0> (g 1 ® w n <0>(1) • (Sif 1 ) ■ (f !g ■ ■ • <g> / 9 (gi 5(n <0>(2) ) > S( M<1>W<1> ))). 

□ 

As a result, via the induced structure, the graded module C^J 7 , V®(g*)) 
becomes a cocyclic module. To emphasize the differential graded structure 
of the coefficients V®(q*), we now switch to denoting it V*(q*). Accordingly, 
Cy{J- ', V'(q*)) will be viewed as a (6, £>)-cyclic complex 

v( *) ® w c^ w) %j^r( fl *) ® w ^ 2 '£=^ ■ ■ • (i.43) 

Bt,K Bjr k Bjr k 

with the induced boundaries 

C« u (F,V*>(q*))^C« u +1 (F,V*>(q*)), 
B t ,k : C^,V p (g*)) -> Cg" 1 ^, ^(fl*)), 
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supplemented by the Koszul coboundary 

dr, K ■= d K S Id* : C*(.F, V(g*)) C* +1 (.F, V p+1 (q*))- 

Theorem 1.14. C^J 7 , V (g*)) a Q-equivariant Hopf cyclic complex of 
T with coefficients in the differential graded SAYD V*(q*), and the map 
K : C£CF, -)• C"(^ )0 *) defined by 

k(0J ® It ® W J 1 ® • • • g> / 9 ) = W <g> M • (J 1 <g> • • • ® 

induces an isomorphism of total complexes. 
Proof. Indeed, the inverse map k _1 is given by 

AC -1 (id ® /) = W ® 1 ®h /. 

Evidently, k _1 commutes with the cyclic structure. In addition, 

K{d T>K {uj ®u®u f)) = k(Ouj ®u®u f AO* ® J^it <g> w /) = 

i 

9w®ui/-^wAfl'® X;u • / = d g *(n(u <3u®u /)). 

□ 

1.5 Linkage with group cohomology 

Recalling that J 7 can be viewed as an algebra of regular functions on N, it 
makes sense to try to relate the complex C m '*(g*, J 7 ) to the group cohomology 
of N with coefficients in A'g*. To this end we introduce the homogeneous 
version of the complex f ll.37p . 

CUB*, T) ■= (AV ® (1.44) 

defined as follows. An element J^a® f <E (A p g* <S> J r ^ q+1 ) jr if it satisfies the 
J r -coinvariance condition: 

J2 a <o>® f® s ( a <i>) = Yl a ®/< >®/<i>; ( L45 ) 

here for / = f° eg) ■ • • <8> f q , we have denoted 

/<o> ® /<!> = A) ® • • • ® Ad ® /% " " " /V (1-46) 



21 



One can identify the cochains of (jl.37j) and (1 1.441) via the Connes duality 
isomorphism defined originally in [23] and is recalled here by X : A p g* (8 
jrm ( A p g * g, jr®9+i)^ g iven by 

X(a ® f ) = 

= a <0> <8 / 1 (D <g> S{f\, } )f 2 m <g) • • • <8 S(p-\ 2) )P m <g> 5( tt<1> f, 2 ,). 

(1.47) 

To check that the image of X is formed of co invariant elements, let 9 (8 g := 
a <0> <8 / x (1) <8 S(f\ 2) )f 2 w ® • • • <8> •S(/"- 1 (2 ) )/'(i) ® Sia^fm), we compute 
both sides of the condition (ll.45p . On the one hand, 

<o> Ofif®^^) = 

«< > ® ® ® • • • (8 S(f ® S(a <a> f« m ) ® £(«<!>) 

On the other hand, 

a <0> <g> /V) (8 5 , (/ 1 ( 4))/ 2 (i) (8 5(/ 2 ( 4))/ 3 (1) ® . . . (8 S(f "%) (8 S(a <2> /% 

/ 1 ( 2 )^(/ 1 ( 3,)/ 2 (2 ,^(/ 2 (3,)/ 3 ( 2 , • • • 5(/"" 1 ( 3))/ 9 ( 2 )5(« <1> r ( 3)) = 

a <0> ® /% (8 S{f\v)f m (g) ■ ■ • (8 S{f q -\v)f q w (8 S(a <2> /V,) ® SKi>)- 

The fact that X is indeed an isomorphism can be seen by verifying that the 
formula 

l-\a ®f) = a® f° w <g> ® • • ■ (8 /% • • • /'"W^M/ 9 ) (1-48) 

gives its inverse X^ 1 : (A p g* (8 X®^ 1 )^ -> A p g* (8 J 7 ® 9 . 

The isomorphism X turns the action (11.201) into the diagonal action 

i 

X > (/° (8 • • • ® f q ) = f° ® • • • ® * > f ® • • • ® /*■ ( L49 ) 

i=0 

Specifically, using the fact that jj acts on X" by derivations in conjunction 
with the relations (II. 5p and Lemma (II .ip . one checks the identity 

T(a®X*f)= (1.50) 

a <0> <g> X > (8 5(/ 1 (2) )/ 2 (1) (8 • • • <8 5(/"- 1 (2) ) /V) (8 S( a<1> f m )). 
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By transfer of structure, C*oLv(S*; can be equipped with the boundary 
operators 



as follows: is the restriction of the Lie algebra cohomology cobound- 

ary of with coefficients in on which now acts from the right by 

(/° (8 ■ • • ® /«) < X := -X > (/° ® • ■ ■ (8 /«); 



6™ inv (a (8) /° (8) • • ■ <8 / 9 ) := 

9+1 



/ <_1 ® 1 (8 /* 



t=0 



9-1 



ncoinv \^(_-\)i<l-l)i i 

■ / A L l 'coinv^comv 'comv; 

i=0 

r C oinv(« <8 /° (8 • • • ® f q ) := a <8 <8 • • • <8> / 9 <8 /°, 
<w(a ® /° <8 • • • (8 / 9 ) := a (8 /° <8 • • • <8 f q ~ l f q . 

One obtains the bigraded module 



ocoinv 

^0 



A 2 0* ® J 7 /^^ (A 2 * (8 J rm ) jr i=p (A 2 * ® J 7 ® 3 )^ ^ 



Qcoinv 

(C (8 J 7 ) 



B cou 



Lcoinv 

U 



goo., 



Lcoinv 


^coin 



DCOlllV 




®2\.F ■ 



6 co U 



B co„ 



Lcoinv 

u 



Dcoinv 




b co U 



^COlllV 



6-" 



^coinv 



b cou 



;i.5i) 
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Proposition 1.15. The map X : C'£ nv (g*, JF) — > C*'*(g*, J 7 ) is an isomor- 
phism of bicomplexes. 

Proof. Using fOD]) . one checks that <9" oinv = X o <9* o X -1 . 

A similar but easier calculation, using that A(l) = 1 ® 1, verifies the relation 

b c / nv =Xob* T oX-\ 

One shows that Xt = r CO i nv X as follows: 

Xr{a ® J 1 <g> • • ■ ® f ) = 

X(« <0> ® 5(/ 1 (9) )/ 2 ® ■ ■ • S S^w)/ 9 ® 5(/ 1 (1) )5(« <1> )) = 
«<o> ® (^(/ 1 ( 9 ))/ 2 )(D ® 5((5(/ 1 (9) )/ 2 ) (2 ,)(5(/ 1 <9> )/ 2 ) (1 , ® . . . 
...®S((S(f\ 2) )f«) (2) )(S(f\ 2) )n w ® 

5((5(/ 1 (2) )/") (2) )(5(/ 1 (1) )5(a <2> )) (1) s 5'(W 1 ti))5 , («< a >))(»))5 , (a< 1 >) = 
a <0> ® S(f\ 2) )f m ® • • • ® S(p-\ 2) )r w ® S{ a<1> f« w ) ® /V) = 
r coinv X(a ® J 1 ® ■■■®f q ). 

Leaving to the reader the verification of the similar relation Xcr = a CO i nv X, we 
conclude that <9g° inv , &™ mv and B^ mv are well-defined and form a bicomplex. 
By the very construction, X is automatically a map of bicomplexes. □ 

The appropriate group cohomology complex for our purposes is that for the 
cohomology with polynomial cochains of the inverse limit group 

jft := lim Wfc (1.52) 

k— >oo 

with 9t& denoting the group of invertible fc-jets at of diffeomorphisms in 
N. Recall, cf. [SDl §1.2-1.3], that the algebra T is precisely the polynomial 
algebra generated by the components of such jets. When there is no danger 
of confusion, we shall abuse the notation by simply writing ip e 9t instead of 
j^O) G 01 with i/j G N. We denote by C^ ol (0?, A p g*) the set of polynomial 
functions 

c : x ... x m -»■ A p 0* 
v v ' 

9+i times 

satisfying the covariance condition 

cOo^, • • • ,VyA) = >c(^ , • • • ,i(> q ), Vil>e% (1.53) 
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where > stands for the left action defined in Remark II .St The coboundary 
for group cohomology with homogeneous cochains is 



9+1 



6poic0o, • • • , 1pq+l) = ^(-l) J cOo, ■ ■ ■ , ■ ■ ■ , & 



9+1; 



;i.54) 



i=0 



In addition, we equip C* ol (9i, A'g*) with a -B-boundary B po \ made out as 
usual (cf. e.g. ( I1.25P ) of the cyclic operator r po \ and the codegeneracy cr pol , 
which in turn are given by 



7-pol( C )(^0, ■■■,fpq) = c(^l,...,Vff>^o), 
Opol(c)Oo, • • -,1pq-l) = C(^ , • • • ,lf>q-l, i>q-l)- 



(1.55) 



The vertical operators are given by the coboundaries d po \ : Cp 0l (9t, A p g*) — > 
(9 pol c)(^o, ■ ■ ■ , i>q) = d(c(^ , . . . , ^)) - X) 0i A > c )(^, • • • , (1-56) 



Here 9 : A p g* — >• A p+1 g* stands for the Lie algebra cohomology coboundary of 
g with trivial coefficients, {^Q}i<j< m is a basis of g with dual basis {#i}i<i< m , 
and the action of g on a group cochain c G Cp Ol (0T, A p g*) is given by 

d 



(X>c)(lpo,---,1pq) = 



(It 



c(^ , • • • , ipi < exp(tX), ...,i/) q ). (1.57) 



We thus arrive at a bicomplex which mixes group cohomology of 9T with 
coefficients in A'g* and Lie algebra cohomology of g with coefficients in J 7 , 
described by the diagram 



:i.58) 



<9 P oi 



dp i 



"pol 



dpol 



°pol 



pol 



C%(% A 2 g* ) — C^OT, A 2 g*) — C 2 ol (0T, g*) 

Bpol | Bpol I ^pol 

dpol 



dpoi 

dpol 
Cp°ol(^ C ) 



3 pol 



°pol 



pol 



Bpoi i fipol i Bpol 



J pol 



B 



dpol 



9 P oi 



°pol 



B, 



p ol 



Cpoi(^C) 



'pol 



pol 
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In turn, this can be related to the bicomplex ( 11.51)) via the obvious map 
J : C*o* nv (0*, J 7 ) —> C' ol (yi, A'q*) defined, with the self-explanatory nota- 
tion, by the formula 

j(J2 a ®f)(^---M = EA^)-/ 4 ^)"- (1-59) 

Proposition 1.16. The map J : CV nv (fl*, J 7 ) -»■ C' ol (0I, A'g*) an iso- 
morphism of bicomplexes. 

Proof. Let us first show that J is well-defined. Suppressing the summation 
sign in the coinvariance condition (jl.45p . we assume that a £g> / satisfies it 
and compute, using the identity (11.33)) . 

J(a <g> /° ® • • ■ ® • • • = a/VoVO • • • / ff ftM0 = 

a/°(i)(Vo)/°(2) (V) • • • AnWfwW = a/V)(^o) • • • /V)(V> g )(/% • • • /%)(V0 

« <0 >/°(^o) . . . m^Kxj w = « <0> /°(^o) . . . mK^or 1 ) = 

(V" 1 > a)/°(^ ) • • • f q M = r X > {J(a ® /° ® • • • <8> /Wo, • • • , • 

By the very definitions of J 7 and C"(9t, A*g*), it is obvious that J is isomor- 
phism of vector spaces. We just need to show that 

bpol^T i^^coinv) 9p Q \jT i^Td co [ nv , Tpo\JT t^^coinv) 0~-po\iJ corns- 

The verification of the first commutation relation is straightforward. Indeed, 

(&pau7)(a ® /° ® • • • ® /Wo, • • • , Vg+l) = 

J](-l)\7(a ® /° (g> • . . ® f0(^ o , . . . , 4 . . . , = 

i 

£(-l)'a/°(lM • • • f - 1 (Vi-i)/ < foM • • • W<h-i) = 

i 

j2(-iyj(a ® /° ® • • • ® f- 1 ® i ® r ® ■ • • ® /«)(^ , • • • , ^+0 = 

i 

j{bcolnv(a ® J°® • •■ ® f ))(^o, • • • 
To check the second relation, recalling (11.57p . we compute 
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(d po iJ)(a ® f° ® • ■ ■ <g> / 9 )(^ , • • • = 9(j-(a ® /° ® ■ • • ® /Wo, • • • M\ 
A (X t >J(a ® f° ® ■ ■ ■ ® /9))(^ , . . . , V ? ) = 



5(a/°(^,) . . . m)) - ^ A <*/°M>) 



d 
eft 



/^<exp(^))...^(^) 



0(a)/°(Vb) • • • /"(VO - E A a/°(^ ) - - - (X, > /'")(^) • • • m) 



J(9 coinv (a ® /° ® ■ • • ® /*))(Vo, • • • ,^)- 

The remaining two commutation relations are obvious. 



□ 



Since J 7 is commutative, the coaction of J 7 on J 7 ®"? 4 " 1 restricts to A 9+1 J r , 
giving the coaction 



▼wcd g o(/° A ■ ■ ■ A n = /% A ■ ■ ■ A /V) ® /% • • • /< 



(2). 



(1.60) 



With this understood, we consider the subcomplex C™ w (g*, J 7 ) C C'£ m (Q*, J 7 ) 
formed of the J-"-coinvariant cochains (A p g* ® A 9+1 J 7 )^. Diagrammatically, 

(1.61) 



6c-v 



A 2 g* — (A 2 g* ® /\ 2 J z ) jr — (A 2 g* ® A 3 ^ — 



&c-v 



c- 



(g* ® A 2 ^)^ ■ 

L'C — W 

■ (C ® A 2 ^ - 



bc- 



(g* ® A 3 ^ 

■(C<8> A 3 ^ 



bc- 



with the coboundaries 

6 c _ w (a ® /° A • ■ • A f q ) = a ® 1 A /° A ■ ■ • A /«, 

and 



(1.62) 
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<W« ® f° A • • ■ A X 2 , . . . , X") = (1.63) 

£ (-l) 4+ ^([X l , Xi],X°, . . . X\ . . . Xi, . . . , X>)f A • • • A f q — 

0<i<j<P 

(-l) l a{X°, ...X\... X p )f A • • • A XV f j A • • • A f q , 

0<i<p, 0<j<q 

or equivalently, 

9 C _>®/°A--Af) = 

da <g> /° A ■ • • A ] q - & A a ® A <g> X; > (/° A ■ ■ ■ A /«). ( L64 ) 

i 

One remarks that 

r C oinv(a ® /° A • • • A /*) = a ® f A • • ■ A /« A f° = 

{-l) q a ® /° A • ■ • A f , 

which implies that £3? inv = in C'l* w (fl*, 

We denote by aj : C™ w (g*, J 7 ) -> C™ nv (g*, T) the J'-antisymmetrization 
map 

M"®/°A-Af) = ^ J] (-1)^®^®-®/"'''. (1-65) 

cr£Sq+i 

and note that it commutes with coboundaries. One also observes that the 
projection k t : C p J nv ( Q *,T) C C M W ( *, J"), 

vr^(a ® /° (8) ■ • • ® f ) = a <8> /° A ■ ■ ■ A A (1.66) 

is a map of bicomplexes which is a left inverse for A. 

Proposition 1.17. The map a T : C™ w (q*, J 7 ) -»■ C^f nv (fl*, -7-") «s a guasi- 
isomorphism. 

Proof. Denote by C" ol _ w (0T, A*g) the subcomplex of C* ol (0T, A'fj) consist- 
ing of the totally antisymmetric group cochains, equipped with the induced 
coboundaries, and define 

i7 wedge (a0/ O A ... A/g)(V , O; __ = _L J- (-l)^ (^0)"--r (<7) 
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It is clear that the following diagram is commutative. 



jj"wcdgc 



coinv 



j 



;i.67) 



The lower row of the above square is known to be a quasi-isomorphism, and 
the vertical maps J and J weA & e are clearly isomorphisms. □ 



2 Lie algebra, equivariant and Hopf cyclic co- 
homology 

In the first part of this section we shall recall from [8] the construction of 
a canonical homomorphism from the Gelfand-Fuks cohomology to the Diff- 
equivariant cohomology of the frame bundle. This homomorphism imple- 
ments a key component of the classical construction realizing the Gelfand- 
Fuks classes as characteristic classes of foliations. The novel feature, brought 
out in the second part of this section, consists in identifying its image as a bi- 
complex computing the Hopf cyclic cohomology. The last part of the section 
establishes the isomorphism of the latter bicomplex with the Gelfand-Fuks 
Lie algebra cohomology. 



2.1 From Gelfand-Fuks to equivariant cohomology 

With G designating as above the group of global diffeomorphisms of an 
infinite primitive pseudogroup, we let o = a(G) denote the corresponding Lie 
algebra of formal vector fields. A formal vector field v G a can be identified 
with the infinite jet of a vector field at 0. Letting = ^°°(G) stand for the 
manifold of (invertible) jets of infinite order at of local diffeomorphisms in 
G, and denoting by the jet of (j) G G, any formal vector field v G a can 

be represented as the jet at of a 1-parameter group of local diffeomorphisms 

{<pt}tem., v = Jo° li=o 0tj ) an d gives rise to a left invariant vector field 

v on J7q°°, whose value at G is given by 
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\ J t U=0 (0° 



■oc 



We can thus associate to each uj G C£L(ci) the left invariant form oj on 
defined by 

^(^i lig°(0)> • • • ' Vm lj °°w) = • • • ' v ™)- 

We let Jtt™ : JTq 00 — > J§ ~ G stand for the projection onto the first jet 
bundle, and denote by n G : — > G and 7Ttv : —> 9T the projections 
relative to the Kac decomposition = G ■ 9t. 

To construct the desired homomorphism, we associate to any u G C r (a) and 
any pair of integers (p, q),p + m = q + r, < q < m = dimG, a p-cochain 
C p>q (u)(ip , . . . , ipp) on the group 91 with values in g-currents on G as follows. 
For each g-form with compact support C, G O ■?((?), one sets 



(C M (a;)(^o,---,^), = / JTrf^OAw; (2.2) 

JTi^ ,...,ip p ) 

the integration is taken over the finite dimensional cycle in J7" °° 

£ = E(^ , • • • M = {i °°(p) e ^o°° ; ^(p" 1 ) G A(^ , . . . ,^)}, (2.3) 
where 

A^o,...,^) = jX^o 00 ^) | t*> 0,^^ = 11. (2.4) 

I i=0 i=0 J 

We note that A(ip , . . . , -0 p ) C 9t, because at the first jet level 

v 

X^do^i) = (0,ld). (2.5) 

Also, the integration makes sense because the form Cj lives on a finite-order 
jet bundle and has an algebraic expression, with polynomial coefficients, in 
the canonical coordinates. 
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As mentioned in the preceding section, we shall often abbreviate the notation 
by not marking the distinction between ip G and its jet j™{ip) G 91. Man- 
ifestly, the simplex definition is covariant with respect to right translations 
by elements of OT, 

A(VWv-.,<V/0 = A(^o,...,Vv)^ V^GOL (2.6) 

A similar relation holds with respect to the right action of G on 9T. For if G G 
this action amounts to passing from ipE^Jt to ip<(pE i Jl. Recall from [30j 
Ch.l] that, with the shorthand notation r\ = if-^ £r and 7 = t* £i £r , one has 

^(ijj < if) = 7(^1 0^9) = 7^) o {p, \J ip E G, (2.7) 

in particular 

VU>«P) = lW(0(e)), (2.8) 
Thus, tautologically, one has 

A(il> <<p,...,ij> p <tp) = A(ip ,...,i/j p )<ip, V^GG, (2.9) 

and the identities (I2.6P and (I2.9p taken together express the covariance of 
the simplex with respect to the right action of G on 9t: 

A(^o«0,...,^«0) = A(^ ,...,VvW> V0GG. (2.10) 
Lemma 2.1. The group cochain C Pt9 (u) satisfies the covariance property 
C Pt .(u)U> <<f>,...,il> p <<l>) = tLl-^Cp^u;)^,...,^), V0GG, (2.11) 

where the left translation operator in the right hand side refers to the left 
action of G on G. 

Proof. Indeed, by (I2.10p . when computing (C Pim (u})(i(}o<cj), . . . ,ip p <(j)), () one 
integrates on the cycle = {p G G ; ttn(p~ 1 ) < (f)~ l G A(-^ , . . . , ip P )}- 

Now remark that 

7T N (p' 1 )<r 1 = ^n(p' 1 -r 1 ); (2.12) 

for (f) G 9? this absolutely obvious, while for G G it can be seen by writing 

p- 1 ■ r l = Mp' 1 ) ■ Mp~ x ) ■ r l 
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By (12.121) . p G iff • p G E, hence E^ = L^-i E. Thus, 
(C Pi .(u;)(Vo«0,...,VW), = / K*(C)Aw = 

<t> 



{J*?o V)*(C)Ai;-!(C)= / (J7r 1 °°oV 1 )*(C)Aa;, 

since ft is left invariant. Furthermore, noting that Jvrf 3 o = o J7r^°, 
which is the jet counterpart of the relation 

one sees that (JTrf 3 o V0*(C) = (V*> ° -M°)*(C) = ^f^-i^C))- 
Thus 



(c p ,.m^o<0,...,^ p <0), o = / ^r*(^-!>(0) Aft = 

= (c^.H^o,---,^), ^-i>(C)>, 

and the identity ( 12. lip follows by transposing the action from forms to cur- 
rents. □ 

Proposition 2.2. The map C : C' op (a) — > C' op (^ft, Q,(G)) is a map of com- 
plexes. 

Proof. One has 

(Cp^duMo, . . . ,^ p ), o = / ^r(c) a t/ft = 



^(jTrf 3 *^) Aft) ± / j7r~*(dC)Aft. 

The second integral corresponds to the de Rham boundary 9 t C(a;)('0o5 • • • , 4>p) 
while the first becomes, on applying Stokes, the group coboundary: 

= [ J7rr(C)Aft = £)(-l)« / ^ ^i°°*(C)Aft 

p 

= j2(-iy(c P -i,.(")(i>o, . . . , & . . . , Vp), o- 

□ 
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The current C p>m (w) in (j2.2p is defined as the integration along the fibre, in 
the fibration Jir^ : J^ 3 — > Jq ~ G, of the current wdA. In order to better 
understand it, we shall revisit its definition. 
Let p — <p ■ ij} G G, with <p G G and ^ G 9T. Then 

and so 



j °°(p) g S(^o,...,^ P ) V x <v 



-0 e (A(0 O , • • • <<p) 1 



(2.13) 



In view of the equation (12. 9p . this shows that the cycle (12. 3 p can be described 
as the image of the map 0"(y> o ,...,^p) : G x A p — > given by 

^,...,tfp) (y,t) = <p- (s(^ ,...,^ p )(t)<^)" 1 , (2.14) 
where S(^, 0r . ) : A p — > 91 is the map of the standard p-simplex 



A p = {t = (t ,...f P ) \ U>0, Y,ti = 1}, 

i=0 

V 

8(^0,...,^,) (t) = 5Z*<io°(^i). 
Therefore the definition of the current (12. 2p can be restated as follows: 

(C p »(^ ,...,^), = / i r , W W(()Aw) . (2.15) 



Since J7rf° o ov^,,,^ ) : G x A p -> G coincides with the projection on the 
first factor 7Ti : G x A p — >■ G, it follows that 



(C p> .(u)(<ipa, • • • , i>p), = I <(C) A <t ( V..,^)(w) 

(2.16) 



33 



where / stands for the integration along the fibre of 7Ta : G x A p — > G. 

Thus, the current C P) ,(u)(ipo, ■ ■ ■ > Vv) is actually the Poincare dual of the 
form 

2VdtaG-.(w)M,...,lk) = / G fi dimG -(G). (2.17) 

Transposing the covariance property in Lemma |2~T1 by Poincare duality yields 
the identity 

T> Pt .(u))(if> «/>,..., t/> p «l>) = L%V Pt .(u})(i/>o,...,il> p ), V0GG. (2.18) 

In particular, for any ip G G and any g-tuple of left invariant tangent vector 
fields (X 1 , . . . , X q ) on G one has 

V m {u){^...^ p ){Xl,...,X$ 

= v M {u){tp <<p,...,xjj p < ^)(i r a;, . . . , V 1 *^) ( 2 - 19 ) 

= ^p, g (^)(^0 < <P, ■ ■ ■ , i>p < <P)(Xl, ...,X«). 

2.2 From equivariant to Hopf cyclic cohomology 

Equation (I2.19P shows that, as a group cochain with values in Q'(G), T> Pj ,(oj) 
is completely determined by the values taken at e G G, i.e. by the "core" 
cochain 

£ P) .(u)(^ ,...^ p ):= ! ^(wJUeAY. (2.20) 

J IT & 

To give a precise meaning to the localization at the unit e G G, let us fix a 
basis of left G-invariant forms on G, 

{ ai = a h A . . . A a iq ; / = {i x < . . . < i q ), q > 0}, 

and note that the form (I2.17P can be uniquely written as a sum 

/ 4*0,..,^) = J2 h Uo,...^ P ) ai > with h U,-,^) e C °°( G )- 

J IT A j 

The right hand side of ( 12 . 20 j) is then given by the equality 

/ *(*,,...,*)(*) \v=e = E^o,..*)( e )^ le £ AV- (2-21) 

"A J 
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Denoting by {X 1 } the basis of left invariant vector fields on G dual to {«/}, 
one can express the above coefficients as genuine integrals of forms over 
simplices, 



h\^,...,^){e) = / L X ia* {lPo ^ p) {u) , (2.22) 
which leads to the following unambiguous definition of £ Pjm (u) : 

^»(^ ,...,^) = (j A ^ho.-^J^ A "0*. (2.23) 

Observe now that one can factor the map defined in (12.141) as follows: 

where i/ : G x 91 -> J^, i/(y>, -0) = p z(0 < </?) , (2.24) 
and « : G G, z(-0) = _1 . 

Substituting this in (I2.23P yields the equivalent definition 

£ p , q (u)(fo,...,il> p ) = Y.\ I a/| e . (2.25) 

Remark 2.3. With the above notation, the relation between the cochains 
T> P)t (u) and £ P)t (u) is encapsulated in the following identity: 

V m (u)(ip ,---,ipp) \<p=^2[ «*(tx e ^*(w)) I aj| v . (2.26) 



\i\=q 



We next focus on further clarifying the significance of the cochain £ Pi .(u;). 
Lemma 2.4. The form 

fj,( u ) = J2 ® a/ | e en p (9l,AV) (2-27) 

1*1=9 

zs invariant under the action of 9T ; operating on 9t 6y n'^/it translations and 
on the coefficients via the differential of the action >. In addition, 



£ p>q (u)& ,...,ip P ) = / //(w). (2.28) 
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Proof. The identity (12.281) is merely the reformulation of ( I2.25P in view of 
the notation introduced in (I2.27p . 

By specializing the covariance property (12 . 1 8[) to elements i/j G 91, one ob- 
tains 

V p> .(u)(ip ip,---,ippip) = L^2V(u>)(^ ,- • • ,fp P )- (2.29) 

Now restricting the right hand side to e G G, and noting that L^(e) = e, 
while by the very definitions 

{ L i» a l) \e = l/j~ 1 >(a I |e), 

one obtains 



^>^P,.(^)(^0,---,V ; p) \e= tj} 1 t> / n(w) = i) 1 >/l(uj). 

On the other hand, the left hand side restricted to e G G yields 



iA(t/. ,..i P )ili M(t|io,..ip) 

The equality of the two sides gives the identity 

J A(ip ,...,ip p ) J A(ip ,...,ip p ) 

Since this is valid for any simplex, the two integrands must coincide. □ 



Lemma 2.5. The map £ : C' op (a) — > Cp 0l (9t, A*g*) zs a map of complexes. 

Proof. The cochain £ P)q (u)(^ , . . . ,if} p ) depends polynomially on the coordi- 
nates of the jet of some finite order of ipo, . . . , ip p . This follows from the fact 
that the form cf. ( I2.27p . can be expressed as a linear combination with 

polynomial coefficients in the canonical jet-coordinates of the standard basis 
for invariant forms on OT relative to the same coordinates. Furthermore, the 
covariance relation (I2.29p shows that £ p , q (uj) G (7^(91, A 9 g*). 
By Proposition 12. 2\ one has 

E Pi .(du)(i(>o, . . . , V P ) = d(£ p ,.(o;)(V>o, . . .,ip P )) + (<5£p-i,.(u;))(V>o, • • • ,i> P )- 
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The de Rham coboundary term in the right hand side is obtained by evalu- 
ating at if = e the expressions 

d(V Ptq (u)(i/j , . . . , tp p )) (X , ...,X q ) = 

= ^(-1)% • P M (u))(^o, • • • ,4> P ){Xo, V; V„) 

i 

+ ^(-1)^'^)^ ^([^^Xo,...,^,...,^,...,^), 

i<j 

where X stands for the left invariant vector field on G associated to X G g. 
The second sum evaluated at e G G gives 

i<j 

On the other hand, expressing the action of Xq at e G G as the derivative 
— | s= o L(expsX ), the first term in the first sum yields, on applying the 
identity ( 12131) . 

- ' s =0 T^p,q(^)(^0, ■ ■ ■ ,tpp) IcxpsXo (Xl, . . . ,Xg) = 



ds 



^ \ s =o E Ptq (u){$ Q < exp sX 0l ...,tp p <exp sX )(X 1 , ...,X q ) 



Repeating this argument for each of the remaining terms shows that the op- 
erator d in the right hand side coresponds precisely the coboundary operator 
for Lie algebra cohomology with coefficients. □ 

In conjunction with the previous isomorphisms 

C; ol (m, AV) = C(r, 3=) cf. Proposition [LIS , 

Cc'oLv(fl*, J") = C-w(^ 0*) cf. Proposition \TJ7\ , 

C c *oL(^ 0*) = C*'"(fl*> F) cf. Proposition , 

C"-«(J-,r) = CS(7,P(o*)) c/. Theorem[TTJ, 

this allows us to conclude with the following statement. 

Proposition 2.6. Under the above identifications, the resulting homomor- 
phism £lh maps the Gelfand-Fuks Lie algebra cohomology complex C* op (a) 
to the Q-equivariant Hopf cyclic complex of T with coefficients in the Koszul 
resolution V'(g*). 
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2.3 Explicit van Est isomorphism 

Note that while the original assignment maps 

w G C t s op (a) ^ C p » G CJ^tt, Q r (G)), 

p+dim G—r=s 

after the passage from C Ptr {uj) to £ Pig (u;), r + q = dimG, by Poincare duality 
it takes the form 

u G C t s op (a) ^ £ p , q (u) G Cj ol (0rt,AV). 

Furthermore, this assignment can be promoted to a map of bicomplexes, 
if one identifies the Lie algebra a with the double crossed sum Lie algebra 
g x n. Let us recall that a pair of Lie algebras (g, n) forms a matched pair if 
there is a right action of g on n and a left action of n on g, 

a:n®g^n, a x (0 = (<X, P ■ n ® -»■ 0, /3 C (X) = C>X, (2.30) 
satisfying the following conditions: 

[c,^]>^ = c>(e>^)-e>(c>^), c = (c<*)<z-(c<s)<x, 

C > [x, z] = [c > x, z] + [x, c > z] + (c < x) > z - (c < z) > x 

[c,e]x = [c<^,e] + [c,e<^]+c<(e>^)-e<(c>^)- 

Given such a matched pair, one defines a Lie algebra with underlying vector 
space g © n by setting: 

\x®c,z®i] = (ix,z} + (>z-z>x)®(i(,t} + (<z-z<x). 

Conversely, given a Lie algebra a and two Lie subalgebras g and n so that 
a = g © n as vector spaces, then (g, n) forms a matched pair of Lie algebras 
and a = g x n as Lie algebras. In this case the actions of g on n and n on g 
for C G u and leg are uniquely determined by: 

iCX] = (>x + (<x 

This is precisely our case, and we shall identify from now on a with g x n. 

Lemma 2.7. The complex {C' (a),d} is isomorphic to the total complex of 
the bicomplex {C' op (g) ©C*(n), d g , d n }, where d s and d n denote the respective 
coboundaries for Lie algebra cohomology with coefficients. 
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Proof. The isomorphism is implemented by the map 
|:C s ( S Mtl)4 p+g=s CP(fl) ® C«(n), 

liH^!,...,^ I Ci, ■■■,&) = w(z 1 ©o,...,z p ©o,oeCi,---,oeg, 

whose inverse is given by 

ip 1 ^ ® i/)(Z x © Ci, • • • , ^ P+g © W = 

^ ( _ l) CT /^(^o-(l)) • • • ^ ^(joMCrfr+l), • • • > Cx(p+g))- 

creSh(p,q) 

Using the obvious identities 

[Z © o, z,- © o] = [z i5 z,-] © o, [o © Ok, o © o] = o © [Ck, 0} , 
[Zt © o, o © Ck] = -Ck >Zi-Ck< z h 

it is straightforward to check that \ takes the coboundary d of C* op (a) into 
the total coboundary of C* op (g) © C*(ti)- □ 

Lemma 2.8. Let X £ g = T e G. T/jen 

i/^PO = -i^(X^) + z^(X^), £ 91, (2.31) 

where X denotes the corresponding left invariant vector field on and and 
X < the vector field on associated via the right action < of G. 

Proof. Let / £ C 00 ^^ ), which we assume of the form / = fi (g) f 2 with 
/i £ C°°(G) and / 2 £ C°°(0T). One has 

u <e ^(X)f = ^ | i=0 (/ o u)(exptX,ip) = 

= ^- \ t =o f(exptX ■ %(ip <exptX)) 
at 

= j t | t=0 (/i(exptX) ■ / 2 (^«exptX))) 

d d 
= - \ t =o /i(exptX) • / 2 (z(^)) + /i(e) • - | t=0 / 2 (z(^ < exptX)) 

= — | t=0 /(exptX ■ + — | t=0 f(i(?p<exptX)) 
dt dt 

= -j t \t=o fWexptX)) + i^(X;)f 
= —i^{X^)f + i^(X^)f. 

□ 
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Corollary 2.9. The map fi e : C' (a) -» A*g* <g> A* op n* ; fJ. e (w) := fi(cu) \ e 
coincides with the isomorphism \ : C* (g M n) — > C"(g) ® C* (n). 

Proof. The evaluation of //(cu) at the identity element e G G only involves 
the map iA*( e ,e) : fl — > 0. Applying (I2.3ip . for ip = e, one simply obtains 

i/*( ei e)(X) = X, VX G g, 

because obviously X^ =0. □ 



Identifying the two complexes as in Corollary 12.91 and relying on Lemma 12. 5[ 
we shall view the map £ as a map of bicomplexes : C* op (n, A*g*) — > 
WAV). 

Proposition 2.10. ITie map £, t , : C* op (n, A'g*) -)• C pol (9t, A'g*) induces a 
quasi-isomorphism of total complexes. 

Proof. In order to show that the map of bicomplexes implements a quasi- 
isomorphism of total complexes it suffices to check that for each row q G N, 
£, 7 q : C* op (n, A q Q*) — >■ C* ol (0X, A 9 g*) is a quasi-isomorphism. We recall that, 
by Lemma |2~4| this map associates to a right invariant form Co G f2 p (9T, A^g*) 51 
the cochain 

£ Pt .(uj)(ip ,...,ip p ) = / fj.(u) G A'g*. 

J A(ii ,...,ii p ) 

This shows that coincides with the standard explicit chain map imple- 
menting the van Est homomorphism for Lie groups (cf. e.g. [T2| Prop. 5.1]). 
However, since 9? is only a projective limit of Lie groups, the usual argument 
based on continuously injective resolutions (cf. [21]) does not properly apply. 
Instead, we shall first give a direct argument for the isomorphism 

#; op (n, av) = h; o1 (% av), (2.32) 

along the lines of the original proof by van Est [13] , and only then conclude 
that it is implemented by the chain map 

To this end, let us consider the bicomplex C pol (9t, f2 pol (9t, A'g*)) consisting 
of inhomogeneous cochains on 9t with values in A*g*-valued forms on 9t 
with polynomial coefficients. A (p, g)-cochain in this bicomplex is a function 
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u) : fftx. ■ .xOT — >• r2p Ol (0T, A*g*) which depends polynomially on the jet 
p times 

coordinates. The group acts on the coefficients a G J7p 0l (9T, A*g*) via 

^★a = ip>R* i ,a, ipem. (2.33) 

The horizontal coboundary is the group cohomology operator 

4w(^i, • • • , VVh) = ^1 * W (^2, • • • , VVt-i) + ( 2 - 34 ) 
p 

^(-1)^(^1, . . . , Vi^i+i ■ ■ ■ , Vi) + (-i) p+ M^i, • • • , 

i=l 

The vertical coboundary is obtained by applying the exterior derivative d, 
(dvO;)(V>i, • • • ,i> p ) = d(u(ipi,...,ip p )), (2.35) 



operation which commutes with the action (12.331) . and therefore with the 

horizontal coboundary. 

One augments the resulting bicomplex 

: : : (2.36) 



dv 



2 \ d h ^2 



,2 \ d h 



dv 



c p ° o1 (% n pol ) c pol (or, n pol ) -A*. c p 2 o1 (or, njj 



c P ol (tft, ny c pol (or, n^) c p 2 o1 (or, ny a 

with the extra column 

i h : Ker [d h : C p ° ol (9T, Q' pol ) C^^, n pol )] ^ Ci(^^oi). 
and with the bottom row 



|0 \ d h ^72 



)0 \ d b 



(2.37) 



tv : Ker [d v : C^tt, n° ol ) C; ol (9t, fiJJ ] ^ C^tt, n° ol ). (2.38) 
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The added column gives the de Rham complex of right ^-invariant A'g*- 
valued forms {fi'^OT, A'g*)™, d}. The latter is isomorphic to C' op (n, A'g*), 
and so the cohomology of this column is H' op (n, A'g*). On the other hand the 
added bottom row is the complex of inhomogeneous cochains C* ol (91, A'g*), 
which computes the group cohomology H'^^Jl, A'g*). 

Furthermore, each of the augmented rows and columns are exact. In order 
to check this, it will be convenient to describe the forms on 9T in terms of 
the canonical trivialization of the cotangent bundle. Specifically, we shall 
associate to each a G fip 0l (9t, A'g*) a function a : 91 — > Aj op n* (g) A'g* as 

follows. Expressing a as a finite sum a = )^ f f3, with / e C°°(0X, A*g*) 

and with /3's right invariant forms on 9T associated to a basis {/?} of Aj op n*, 
we define 

a(p) := $>>/(p)/3. (2.39) 

Note that if -0 6 OT, then 

i 

hence 

f^(p) = J2p*P> /(WO ■ P = W)- (2-40) 

I 

Thus, under the identification of £l q pol (% A'g*) with C°°(% A q top n* g> A'g*) 
via ( I2.39p . the action of 91 simply becomes the right translation. Working 
in this picture, the exactness of the rows can now be exhibited by verifying 
that the linear operators K p h : fi* i) — > C pol (0T, fi* i) , defined by 

(«£a;)(Vi, • • • , V P )(0) = ... , ^)(e), ^e^, (2.41) 

form a contracting homotopy. Indeed, 
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4«w)(^i,...,V P +i)(^) = («%w)(V>2, • • • + 

+ ^(-l)*^)^, . . . , ViVi+i ■ ■ ■ , Vv+OO) + 

i=l 

p 

+ ^(-l)*w(^> ^i, . . . , ipiA+i ■ ■ ■ , ^p+i)(e)+ 

i=l 

+ (-l)^ 1 w(^ 1 ,...,^ p )(e), 
while on the other hand 

(K p h +1 d h u)(ip u . . . ,i/j p+1 )(i/j) = d h u(ip,ip 1 ,...,'ip p+1 )(e) = 

= cj(V>i, . . . ,ip p+ i)(ip) - u(ipipi, . . . ,V P +i)(e) + 
p 

+ ^(-l)* -1 ^. V>i> ■ ■ ■ > ^i+i, ■ ■ ■ > ^ P +i)(e) 

i=l 

+ (-l)M^i,.-.^)(e). 

Summing up one obtains the homotopy identity 

• • • ,1/jp+i) + K +1 4w)(f,...,^ + i) = ui(ipi,...,i/j p+1 ). 

To prove that the columns are exact one employs, as in the standard proof 
of the Poincare Lemma, the contraction along the radial vector field 

in the affine coordinates a* .("0) of ijj G 9t, to construct the linear 

operators X q ■ ^ 9 pol (% A'fl*) ->• A ' s *)' 

Z" 1 dt 

One has 

X 5 od„ = io and X 9 ° — Id, 
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where = d v oi 3 + L^od v denotes the Lie derivative along S. Therefore 

d v o (x 9 " 1 o tB ) + ( x " o ta ) o d„ = Id, 
showing that the operators 

. . . , ip p ) = x^ 1 ° ts(w(^i, • • • ,^ P )), 
give contracting homotopies for the columns. 

Since both the rows and the columns are exact, the edge homomorphisms 
of (I2.37P and l v of ( I2.38P induce isomorphisms with the cohomology of the 
total complex, which in turn gives the isomorphism (I2.32p . Actually, for each 
q G 9T, one can display an explicit quasi-isomorphism 

r q = j v o Lh : c; op (n, av) c; ol (% av), 

by composing the inclusion th with a chain homotopic inverse for l v , 

Jv : c; ol (% n; ol (% av)) -+ c; o1 (ot, av% 

manufactured out the vertical homotopy operators and the horizontal cobound- 
ary by means of the "collating formula" of [H Prop. 9.5]. For a Lie algebra 
cocycle <G Z t p op (n, A 9 g*), it gives 

FM = (2.42) 
On the other hand, the conversion of £, i9 into a inhomogeneous group cochain, 

^ M (w)(^i, • • • ,ip P ) = f M (o;)(l,'0i,'0i^2, • • • ,^1^2 • • -^p), (2.43) 
gives also a chain map 

E. A : C t - op (n,AV)^^oi(^AV)- 

Since for any each of the quotient nilpotent Lie groups in the projective limit 
the two chain maps E m ^ q and F q are automatically chain homotopic, we can 
finally conclude that £, A is a quasi-isomorphism. □ 

We are now in a position to strengthen Proposition 12.61 and conclude this 
section with the following result. 
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Theorem 2.11. There is a canonical quasi- isomorphism between the Lie 
algebra cohomology and the Hopf cyclic cohomology complexes associated to 
an infinite primitive Cartan-Lie pseudogroup 

S LR : C t - op (a) -+ C^ w (q*,T) - C' u {jF, V\q*)). 

Remark 12.31 describes the precise transition between the maps C : C' op (a) — > 
C* op (0X, Q,(G)) of Pr op osit ion 1 2 . 2 1 and £lh, which in essence encodes the rela- 
tionship between the classical and the Hopf cyclic constructions of transverse 
characteristic classes. 

3 Hopf cyclic characteristic maps 

This section is devoted to the construction of several characteristic maps 
that deliver the universal Hopf cyclic classes to the cyclic cohomology of 
the etale holonomy groupoids. For the clarity of the exposition, we shall 
explicitly treat only the case of action holonomy groupoids, i.e., of the form 
G XI T, with T a discrete subgroup of G. The convolution algebra of such a 
groupoid is the crossed product A C ^(G) := C%°(G) x T. Each characteristic 
map will land into the suitable model of cyclic cohomology of A c< r(G), that 
matches the source model of Hopf cyclic cohomology of "H = "H(G). We 
shall show however, and this is the main result of this section, that all these 
characteristic maps are equivalent. 

3.1 Characteristic maps induced by Hopf actions 

The first characteristic homomorphism connects the bicocyclic module in 
diagram (11.121) . C(U, J 7 , C&), to the Getzler- Jones bicocyclic module [T6j . 
describing the cyclic cohomology of A Ct v{G) = C^°(G) xi T. 
Along with A c p(G), we shall consider its opposite algebra A C) y{G)°. The 
latter is the crossed product algebra CT k C^°(G), where T acts on C^°(G) 
by the natural right action, with multiplication rule 

U^g Ufaf = U M2 (go fc)f. (3.1) 

As before, if <ft £ G, <fi stands for its lift to a diffeomorphism of G. To avoid 
excessive notation, from now on we shall suppress the notational distinction 
between the two, and reinstate it only when there is danger of confusion. 
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We recall below the bicomplex {C^ 9 \C™(G), T), fr, T<9;, r, of [16], with 
cochains 

C M (C C M (G), T) := Hom(C~(G9® p+1 <g> Cr 09+1 , C). (3.2) 
With the abbreviated notation 

9 '■= 9o ® Pi ® • • ■ ® P , Efy := £^»o ® ■ • • ® £fy,, 
the vertical cyclic structure is given by 

MaOG? I Uf) = M&> ° (0o ■ • • 0<?) ® fl-o ® • • • <8> &>-i | E/^), 
t<% (/•*)(<? I E^,) = ^(#0 <S> • • • <8> 9i9i+i ®---® g P+ \ | E/^), < i < p, 
tdp+Mig I Uf) = v(g P +i ° (0o • • • <t> q ) 9o ® 9i ® • • • ® fi-p) I £fy), 
and horizontal cyclic structure is determined by 

r(n)(g \%)=H (go o (pg' 1 ®---®g p o cj)' 1 \ U<f, q ® ® ■ • ■ ® E/^.J 
— > 

di(v)(g \U^)= ^i(g\U^®---® U Mi+1 ® ■ ■ ■ ® , < z < g 

— > 

dq+Mig \ Ut) = n (g o ®---®g p o 0"^ | U^ q+1 ^ ®U ej>1 ®---® U^ q ) . 

It is shown in [16], its total complex is quasi-isomorphic with the total com- 
plex of C (A c ,r{G)° , b, B). We also recall from [16] the isomorphism between 
the diagonal subcomplex C^{C™(G),T) and C'(A C: r(G)°, b, B). Specifi- 
cally, ^ r : C n > n (C™(G),T) -> C n (A c , r (G)°), is given by 

*r(^)(^o®"-®^n)= (3.3) 

M#0 ° (01 ■ ■ ' <t>n) ® ■ ■ ■ ® 9n-l <f>n ® gn \ Ufa ® ■ ■ ■ ® U<f, n )] 

$r is a cyclic isomorphism, whose inverse <3>r is given by 

^rVXtfo ® ■ • • ® £n I C^o ® • ■ • ® U k) = 

K U^go o (0i • • • n ) _1 ® ■ ■ ■ ® U^gn-i o 0" 1 (8) E/^ g n ). 

According to [30| Proposition 2.18], there exists an isomorphism of Hopf 
algebras i : "H c ° P (G) a b — > ^(G) that sends any operator to the corresponding 
function evaluated at identity. We denote by J = i" 1 : J-"(G) — > 9i*£ (G) its 
inverse, and define f. F(G) ->■ Fun(r, C°°(G)) by 

tf/)(0) = *(S(/))(l^)t£. (3.4) 
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Lemma 3.1. For any f G ^(G), j{f) satisfies the cocycle property 

jimM = lifwMiMMM o ti\ 01, 02 e r. (3.5) 

Proof. Since $ is anti coalgebra map and A Ct r(G) is a H{G) module algebra 
we have 

t(/)(0i0 2 ) = mfWMu;^ = Ks(M)(uMs(f w ))(u^)u* M2 = 

□ 

Lemma 3.2. For any u G U(q) and G G one has 

U^uU; = t( M<1> )(0) M<o> . (3.6) 

Proof. To begin with, recall cf. (11.11) the coaction ▼ : U(q) — > U(q) (g) T is 
defined as follows: 



u <o> «> «<i> 



where {X/} stands for a PBW basis of W($j). 

Let us first check the claimed identity for the case when u = Xi G Q, and 

CW3 = £t>(0X,. (3.7) 

i 

We need to show that if r}\ (-0) = 7/ (^>)(e) , G 91, then 

<W))(^) =7^(0)^, V0GG. (3.8) 

Recall now from [301 §1-2] the operators A^t/I) = 7|(0)C/?, which arise 
from the action formula 

X,(^) = ]TAK£/;)X#), 6gC°°(G), (3.9) 

and satisfy, by the very definition of 5, 

M = W)- (3-10) 
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Applying on both sides of (13.91) and comparing with (13.71) . one sees that 

im = u^mu; = 7^(0) or 1 = - 7 ^(0- 1 ). (3.H) 

Then 

s(vim = vdr 1 ) = iKr'm = -jm® = -vim, 

and so by ( 13~TU]) and ( 13~TT]) 

mriw*) = -sm) = -inr i )u, = imu^ 

thus verifying (13. 8p . 

The compatibility of the coaction with the multiplication, cf. (301 Lemma 
2.12] allows to extend in a straightforward manner the validity of this identity 
to U(q). For the convenience of the reader, we give the detailed verification 
for u = XY. Recall that in view of ( II. 5p one has 

(XY) <0> ® (XY) K1> = X W<0> Y <0> ® X m<1> (X w >F <1> ) = 

^< >^<o> ® ^<i>^<i> + y< > ®xt> y k1> . 

We observe that 

X <0>(1) <g> X <0>(2) <g> X <x> = X <0> ® 1 (8) X <x> + 1 <g> X <0> ® X <x> . 

Since t is [/(fl)-module map, it follows that f(Z> f)(<f>) = Z(y(f)((j))) for any 
Z G g and any /e J. Acting on an arbitrary function g G C 00 (G), we write 

(u+xYu;)(g) = (u^xu;u^Yu;)( g ) = 
7 <x <1> )(0)x <o>(1) ( T {y <1> )(0))x <o>(2) (y <o> (g)) = 

t((atO<i>)(M**1<o>(0)- 



□ 

Lemma 3.3. For any <p G G, 

7 <5(/))(0)= T {/)(r 1 )°r 1 . (3-12) 
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Proof. We define M+, R+, £ Hom(J r , C°°(G)) by setting 

R*(f)= fifty- 1 ) Hf) = f{f)(4!), M^f) = y(S(f ))((/)). 

Using the usual convolution product and (13.51) one computes 
L^xR^f) = L^(/ ( i))i^(/ (2) ) = 

■K/aOfaM/wX^ -1 ) ° 0" 1 = fifKM- 1 ) = e(f). 

On the other hand, because 7- is algebra map, one easily sees 

Together with (13 . 1 3j) . this implies = M^. □ 
Lemma 3.4. For any <p E G, f £ J 7 , and u £ U(g) we have 

Jiu>f)( ( f>) = M<()> ( T ( / )(0)) T ( M<1> )(0). (3.14) 

Proof. Using the fact that $ is £/(0)-module algebra map and Lemma [1J] we 
see that 

y(u > /)(0) = ?(% > /))(^) u; = {d(s( u<1> ))d( u<0> > 5(/))) (u*) u; = 
(d(S( u<1> ))d( u<0> > s(f))) (u+) u; = d(S( u<1> )) (u <o> (t(/)(0 ^)) ^ = 
= 7(«< 1 >)(0«< o >M/)(0)- 

□ 

We want to define a characteristic map \ ■ C^f{U, J 7 , C s ) -> C P,9 (C~(G), T), 
by the formula 



x( k l®«®/J(^|C0= (3.15) 

r K(<?oK(<?i) • ..uTigMSifW+o) ■ ■ ■ WOX^J) • 

Here Cy_(U, J 7 , C5) is the bicocyclic module defined in (11.71) . and r : *4. Ci r(G) — > 
C is the invariant trace defined by 



gzu, if ip — Id 
^ G (3.16) 

0, otherwise. 
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Equivalents, X ■ C%f(U, J 7 , C s ) -»■ C p ' q (C^°(G),T) is given by 
X (l ® « ® /) (<7 I = 

/ u^sby^i) . . . « p (^)t</ o )(0o)t(/ 1 )(0i) ° 0o 1 • • • ° • • • 0o V 

JG 

if • • • ip q = Id, and otherwise. 

Lemma 3.5. TTie characteristic map x °f A3. 15|) is well-defined. 
Proof. First we recall that 

(/ ►< «) • (u <g) f) — U(i)U° ® • • • (g) U( P +i)U P <g) (f ►< «(p+2)) • /, 

where 

fm(u w<0> > f°) <g> u(i )<1> (w(2) <0> > J 1 ) g) ■ • • <g> /( 9 +i)«(i) <9> . . . (u(«+u > 

In the following we use the notation (u > «)(#) = U(i)U°(g°) . . .U( P +i)U p (g p ). 
We observe that 

U(l) > W(^)=KW(2) <0> > / O )(0O)T(^(2)<1>(^(3) < O> > / 1 ))( < / , l) ° 00 1 • ■ ■ 

■■■j{u(2) <q> ...M (g+ i) <1> (M (9+ 2) >/ 9 ))(0<?) °0^-i---0o 1 = ( 3 - 17 ) 
By using (I3.14p we see that 

§M = 

U(d t> u(g)j{u { 2) <0> >/°)(0o)t(m(2) <1> (m(3) <o> >/ 1 ))(0i) ° 0o 1 " " ' 
■ ■ -T(^(2)< 9 > • • • U(«+i)<i> > / 9 ))(0<?) ° 09-i • • • 0g-i = 

U(d > S(^)u ( 2) <o> (7(/ o )(0o))[t(^(2) <1> )(0o) ■ • -T(«(2) <?+1> )(0 g ) o • ■ ■ O x ] ■ ■ ■ 

M (2+O < o>(T(D(0 i )) ° (0O---0 J -i)~ 1 WM(2+O <1> )(0 j ) O (00 • • • 0'i-ir 1 • ■ ■ 
j{U(2 +l)<q+1 _ l> )(4> q ) O ■ ■ ■ ■ ■ ■ 

M (9+ 2 )<o>(T(/ 9 )(0<?)) ° (00 ■ ■ •0g-l)" 1 T(^(9+2)<i>)(0g) (00 ■ • • 0g-l) _1 = 

(3.18) 
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Using f)3.5p we continue as follows: 

flHUD = 

n ( i) >n(^)u ( 2)(7(/ o )(0o))u(3) <o> (7{/ 1 )(0i)) o 0q 1 j{u {3)<1> )((j) 1 ■ ■ ■ <p q ) o 0^ ■ ■ ■ 
u ^<o>(rir)(<Pi)) ° (0o---0i-i)" 1 T(M(2+«) <1> )(0i---0g) o (0o • • • • ■ 

^+ 2 )<0>(Mf )Og)) ° (00- ••0g-l)" 1 T(U( q +2) <1> )(0g) O (0o- ■ -(^-l) -1 . 

(3.19) 

On the other hand one uses (13.61) together with the fact that (0 O • ■ ■ 0i)~ 1 — 
• • • 4>q to observe that 

u m >m(^)m( 2) (t(/ O )(0o))m(3)(t(/ 1 )(0i) o^ 1 )'-- 

• ■ ■ n (9+2) (t(/ 9 )(^) o . . . 0o x ) = (3.20) 

>m(^)M(2)(7(/ O )(0o)) T(M(3) <1> )(01 • • • 0g) O 0o 1 M(3) <o> (r(/ 1 )(0l)) ° 00 1 ' ' ' 

=Kwci+2)<i>)(0i ■ ■ -0 9 ) o 0r~i • ■ - At v*+a) <<,>(?(/*)(&)) ° fe\ • ■ ■ 0O)" 1 • • ■ 

t(^+2)<i>)(0 9 ) ° 4>q\ ■ ■ -0o V 9 +2) <o> (r(/ ,? )(0 g )) ° 0A • • • 0O -1 - (3-21) 

One uses the equality (13 . 1 9 j) = ( 13 . 2 1 j) and the fact that r is 5-invariant to see 
that 

X U ® (1 Xi u) ■ {u <g> /)) = x (S(l Xi u) ® u ® f). (3.22) 

On the other hand we see that 

(/ K 1) • (u <g> /) = m° <g> ■ ■ • <g> m p <g> <g> • • • ® /Wd/ 9 , (3.23) 

which together with the facts that f is an algebra map and 5(8(S(f))) = 
e(S(f)) = e(f) = 5(f X 1), yields that 

X (l ® (/ *3 1) • (u <g> /)) = x (*(/ ►< 1) ® « ® /) . (3.24) 
So (13^21 and (jg^jl prove that 

X (l ® (w ® /)) = X (<*(/ M «) ® « ® /) ■ 

□ 

Proposition 3.6. The characteristic map x defined in ( 13.151) is a map of 
bicocyclic modules. 
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Proof. As q acts by derivation on C°°(G) it is obvious that \ commutes 
with all vertical cofaces except possibly very last one. Since t is an algebra 
map and anticoalgebra map and H{G) acts on A c ,r{G) and makes it module 
algebra it is also obvious that \ commutes with all horizontal cofaces except 
possibly the last one. So it suffices to show that \ commutes with horizontal 
and vertical cyclic operators. Indeed, let 0o • • • 4>q — id. 

tr%(l ® u ® f)(g ® • • • ® g p \ ® • • • <g> U^) = 
X(l ® u <g> f)(g p ® ® • • • ® I Efyo ® ■ • • ® £fy 9 ) = 



G 



On the other hand by using Lemma I3TT1 and ( 13 .6p and the fact that 
Id we see that 



®u 6 



G 



■ ■ ■ u° <q+1> f q )(go ®---®g P \U 4>0 ®---®U 4>q ) 
[u\go) ■ ■ ■« P (^-i)«°<o>(^)T(« O <x>)(0o)T{r)(0o) • • • 

tK< 9+1 > ) (0 9 ) O • • • fcHf q ) M O V q \ ■ ■ ■ *] «7 = 

M 1 ^) • • •M P (^p_i)u O <o> (Pp)7(m O <1> )(0o) ■ ■ •T(« O < 9+ i>)(0< ? ) ° ' " 

T(/°)(0o) • • • Jif q )(<p q ) o • • • fo 1 ] t* = 

[V(0o) • • • w P P -iK<o> OpM« <i>)Oo- • -0<?) 

T(/°)(0o)---T(/ 9 )(^)o0-_ 1 1 ---0 o - 1 " 
Let us now show that x commutes with the horizontal cyclic operators. 



G 



zu. 
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XT (1 ® u ® /)(# ® • • ■ ® &, | E/fc ® • • ■ ® Z7^) = 

x« > ® • • • ® ^ p <o> I Z 1 ® ■ • • ® /* ® ^(^°< 1 > • • • « p < 1 >)/°) 



4>o 



G 



u° <0> (g ) . . . u\ 0> (gMf 1 ) (<M ■ ■ ■ -tif q ) (^-i) o kl 2 ■ ■ ■ O " 1 



Using (13.12j) . f 13 .61) . and the equality (p q 



(3.25) 



9-1 



_1 ) we see that 



U^U^igo) ■ ■ ■ U;vPU^{g p )j{f l ){<j> Q ) . . . 

jin^-t) o 4>-\ ■ ■ ■ O - 1 jif°)(<p q ) o ■ ■ ■ 0O -1 



VJ 



G 



jiDi^i) o <fc! 2 ■ ■ ■ fc 1 T(/°)(0 9 ) o k\ ■ ■ ■ 0o 1 



— 



(3.26) 



Using the fact that the volume form w is G-invariant and also 0o - - - <Pq = Id 
we observe that 



G 



u°(g o 0" 1 ) ■ ■ ■ vP(g p o 0~-i ^Z 1 )^) o 07 1 



CC 7 



yin^-x) o 0-i 2 • • • ~^- q i jif)(<p q )_ 

X (l®u® f)(g o 0" 1 ® ■ • • ® £ p o 0" 1 | t/^ (8) C/ 0O 
r%(l ® w ® /)(^o ® • • ■ ® fi-p | Ufa <g> ■ ■ ■ <g> C/^J. 



□ 



So x induces a cyclic map in the level of diagonal complexes and a map of 
mixed complexes at the level of total complexes, as follows: 

Xdiag : C% n (U, 7, C s ) -> Hom(C c °°(Gf " <g) Cr® n , C), (3.27) 
Xtot: C™(U,jr,C s )^ Hom(C c °°(G)^®Cr®^C), (3.28) 



p+g=n 



p+g=n 
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By [301 Theorem 2.15] "H cop = J 7 X U. Let us recall the latter isomorphism. 
One identifies J 700 ? with the commutative part of % which is denoted by "H a b) 
in a natural way namely sending the standard generators of J 7 to those of 
H a b- Let us call this isomorphism by i and refer the reader to its definition in 
[30l Proposition 2.7]. Then the isomorphism J : "H cop — > T X U is defined 
by on the basis elements by 

J{S K Z!) = l{5 k ) X Z l7 

where {5 k} is a basis of T-L^b an d {Zj} is the usual PBW basis of U. It is 
proved in loc. cit. that Ji acts on A from the left and makes A a module 
algebra. This action induces an "H cop -module algebra on A° via 

■H cop <g> A° -> X, fc°(a) = %) (3.29) 

One observes that ~~ : ^4 Cj r(G) — >■ *4. Cj r(G)° defined by gU£ = U^g is an anti 
algebra isomorphism between A Ct r(G) and A c> t(G)°. 

We next recall from [301 Proposition 3.1] the isomorphism of (b,B) Hopf 
cyclic complexes 

1 H : C n (U cop , C s ) -> C n (ft, C{), (3.30) 
X w (l (gi /ii (g) ■ • • <g = 1 <g) /i„ (8) /i n _i g) ■ • • <g) hi, 

as well as its algebra counterpart 

Z T :C n {A% v )^C n {A c ,T), (3.31) 
Z r (0)(a o ® ■ ■ ■ ® <x n ) = 8(a <g> a n <g> • • • <g> ai). 

Finally, let us recall that the original characteristic map x act : H(G)® n — > 
Hom(^4 C! r(G ! )® n+1 , C), which actually guided the definition of Hopf cyclic 
cohomology in [8], has the expression 

Xact(/i 1 ® • • ■ <8> h n )(a ® ■ ■ ■ ®, a n ) = r(a /i 1 (ai) . . . /i n (a n )). (3.32) 

Let us prove that all the above characteristic maps are equivalent. 
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Theorem 3.7. The diagram below is commutative and all its vertical arrows 
are quasi-isomorphisms. 



C n (H, 



C n (F*<UX&) 

~SH 

C™{U,F,Ci 

p+q=n 



Xact 



C n (A c ,r(G)) 



(3.33) 



Xact 



Xdia 



-C"(A,r(G)°) 



Xtot 



SH 

. c p>q (c™(G), r) 

p+q=n 



Proof. The commutativity of the lower square is a direct corollary of Propo- 
sition 13.61 as the shuffle map SH is made of cofaces, codegeneracies and 
cyclic operators. The commutativity of the top square is obvious due to the 
similarity of and 

Let us check that the middle square is commutative too. Using the abbrevi- 
ated notation 



/ <g> u = 1 gJ-wcop 1 <g) u 1 <g> • • • <g> u n <g> 1 <g> f 1 
after some obvious simplification one observes that 



1> 

Assuming that <f>o . . . 4> n = Id, one has 
X act o ® u)(U^g <8> • • • (8) £/^<7„) = 

k^nM^nx^M^v^ • • • ^ n " 1 < 1 >))(^ 1 ) • • • 

• • • ( Ml <o>(^l)T('5(/ 1 ))(0r 1 )) ° 02 • • • 0n#O O 01 • • "0r 



G 



CE7. 



(3.34) 
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On the other hand 



(#r o X )(/ ® u)(U^g <g> • • • <g> 



X (f® U)(g ° 01 • • "0n ® • ' • <8> S'n-l ° 0n ® #n | £^ ® 

r(g-o o 0! • • ■ 4> n u 1 (g 1 O 02 • • ■ 0„) • • . 

• • • ^(Sn-l O 0> n G?nW n )(t/;j • • • StfXtOTJ 

go ° 0i ■ • • 4> n u l (gi O 2 ■ • • n ) . . . 



• • • ^(^)T(^(r))(0^ 1 ) • • • 7(5(/ 1 ))(0r 1 ) ° 02 • • • 0n 



TOG- 



(3.35) 



Using ( 13. 6 p sufficiently many times and recalling that 0o . . . n = Id, and 
that G7 is G-invariant, one obtains the equality of ( I3.34p and ( I3.35p . □ 



3.2 Differential graded characteristic map 

We proceed now to construct characteristic maps from the Hopf version of 
the Chevalley-Eilenberg complexes to the cyclic cohomology bicomplex of 
the crossed product by differential forms f2 Cj r(G) := fi*(Cr) X 17 
To begin with, let us recall the definition of the Bott bicomplex Cg* tt (G, G) 
computing the G-equivariant cohomology of G. The cochain space C^ tt (G, G) 
= C| ott (fi p (G), G) consists of all antisymmetrized G-equivariant functions 
on G x ^ p+1 - 1 with values in de Rham currents of degree q. As in (12. lip , the 
equivariance condition is 

7(0o0, • • • g 0) = 7(0o, ■ ■ ■ 3 ), 7 e 0, e r, G G. (3.36) 

When the current is given by a form, this condition becomes 

7(0o0, • • • g 0) = L*^ 7(0o, . . . g ) = 0* (7(0o, • • • 0<?)) , (3.37) 

by duality and taking into account that G acts on G via the natural action on 
frames. The horizontal and vertical coboundaries of Cq' u (G, G) are defined 
as follows: 

9+1 

di(7)(0 o , . . . , 9+ i) = ^(-1) 4 7(0 O , . . . , 0i, . . . , ?+ i), (3.38) 

i=0 

cZ 2 ( 7 )(0o, • • • , 9 ) = ^(7(0o, • • • , 0,)), (3.39) 
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We now define the map 6 : (A p g* <g> A^ff -> C™ tt (G, G) by the formula 

= E(- 1 ) CT ^^( x r (0) ))(^o x ) • • • f{s( / r (9) ))(^- 1 )fi/ • (3 ' 40) 

Here aj is the left invariant form on G associated to ai G A 9 g*. 

Recall that the bicomplex (A p g* ® A q+1 J 7 ) 1 " has two cobundary 6 C _ W and <9 C _ W 
defined in f l 1 . 6 2 j) and (jl.63p respectively. 

Proposition 3.8. TTie map Q is a well-defined homomorphism of bicom- 
plexes. 

Proof. In order to prove that is well-defined, it suffices to check that 0(a® 

/° A • • • A f q ) is equivariant. 

In view of the identity (jl.30p . one has 

4>*a = T(«<x>)(r 1 )«<o>- (3-41) 

Also from Lemma 13. 1\ 

Using the fact that Yli a i® I f° A - ■ ■ A T f q belongs to the coinvariant space, 
we can check the condition (I3.37P for G T, as follows: 

E ^( / /°))((^o0)" 1 ) / / 9 ))((0n0)" 1 ) ai = 

I 
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i 

i 

Next we prove that 06jr = diQ, we set 7 g = 1, = v 3 " -1 , for 1 < j < 
g+ 1. 

9& C _ W (E<*/® '/°A-A 7 r)(0 o ,...,0 g+ i) = 
6(^« 7 ®1A r /°A-A / /")(0o,...,0 9+ i) = 
E (" 1 ) CT ^ 5 ( V (O) ))(0o X ) • • • = 

E (- 1 ) CT ^ 5 ( V))(C ( o)) • • - t(^( V +1 ))(0;i +1) )^ = 

E E i-^si V))(^ ( 1 0) ) . . . v +1 ))(0; ( U))^ = 

I,cr£S q+ 2 cr(0)=j 

E E (-irjisi'r^m 1 )--- 

Ifi<j<q + l TTGSq+l 

'r^wfiMsi r o) ))(07^) . . . ^ 7 f (,) ))(ti,)a/ = 

E (-iye( ai ® V°A-A 7 r)(0o,...,0„...,0 g+ i),. 
J,o<j<?+i 

To prove that 0<9 C _ W = g^O we fix a basis X, for $j and its dual basis 6 % for g*. 
Let g e C°°(G) then its differential is dg = ^2 Xi(g)6 l . On the other hand we 
know $ is a £/(g) module map which means that X($(f)(U£)) = $(X>f)(U£) 
this implies that foSis £/(0)-module map. Finally see that 

rf E Ig 5j ) = E rf ( /fif ) " j + E /fif = 

7 7 7 

E^i( + E M^)- 

7,i 7 

Here *g = ^(-l)*^ ^W))^ 1 ) . . .^( / f W ))(^ 1 )- □ 
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Remark 3.9. The map does not distinguish between the G-equivariant 
and the ^Jl-equivariant cohomology of G. 

Indeed, let ipo, . . . , <p q G G and ipo, . . . , i]) q G 9t. Using the cocycle property 
(13.51) and the fact that f(f)(<p) = £(/), V <p G G, one can write 

= tW))^" 1 ). 

It follows that 

@(Y1 ai ® J /o A • • • A J / g )(^0, • • • , (Pql/Jq) = 

1 ^ (3-42) 



In [T7] Gorokhovsky introduced the chain map ^ : Cg^^G, G) — >■ C*(f2 C) r(G)), 
which (adapted to a left action) is given by the formula 

9fr)(u U^,u 1 U^,...,u q U&= (3.43) 

(-l) 9+deg7 (7(l, 00, 0100, • • • , 09-1 • • • O ), W 00*^1 . . . (0 g _i . . . O )*Wq), 

if 0q . . . 0o = 1 and otherwise. 

Since \l/ is a map of complexes, the composition 

X A = $o9: A*g* <g> A^ 1 ^ -> C 9 (fi C! r(G)) (3.44) 

is also a chain map. It is given by the formula 

x \a®f)(u u; o ,u 1 u; i ,...,u q u; q ) = 

(_1 ) de S a +'3. 

E (-W e(^ 0) W^)^ 1 ) ■ ■ ■ -K^))^ 1 ■ ■ ■ :) (3 ' 45) 

• Oi LOo 00*^1 . . . (0q_l . . . 4>o)*U} q . 

if ? . . . 0o = 1 and otherwise. 
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We now define the map T : C^' tt (T, G) -»■ C''(C™(G), T) as follows 

T( 7 )(/ ,...,/ p |^o,---,^)= (3-46) 
fdf 1 . . . d/ p 7 (0o S &:Vo • • • ^-i • • • ^o" 1 , 1)> if 0o • • • 0, = id, 



G 

0, otherwise. 
Proposition 3.10. The map T is a map of bicomplexes, more precisely 

Tod 2 =tB o T, T o d t = b o T, BoT =|6 o T = 0. (3.47) 

Proof. Without loss of generality we can assume that O . . . ? = Id. We first 
use that fact that 7 £ C 9 (T, f2 p (G)) is equivariant to see that 

d q+1 (T( 1 ))(f,...nu <t>0 ,...,u lPq+1 ) = 
r q li*{fdf . . . cr) T (0o VSi, 0rV o VSi, • • • , 07-1 • ■ • ^oVi, 1) = 



1 \fdf . . . dpu-i* 7 (0 o -\ 0r 1 0o S ■ ■ ■ , 0; 1 



G 

0q + i vj u J ••• L y rivo >vi ro >---)V g """^o 

Z ^ 1 . . . dfM0o \ 0rVo S • • • , 0," 1 • • • 0o l )- 

G 

We use this to check that T o d\ = b o T, as follows: 

r(d 11 )(f° J ... J r\u (t>(V ...,u^ +1 ) = 

J2(-iy I fdf 1 . . . d/ p 7 (0o~ 1 , 0r 1 o " 1 , • • • , 4>75^k x i ■ ■ ■ , 07 1 • ■ ■ i) 

i=0 ^ G 

+ / rd/ 1 . . . <T 7 (0o 0r 1 0o'\ • • • , 0," 1 " " " 0o l ) = 

Jg 

^(-i) j a t (T( 7 ))(/ , . . . p I r^,, . . . , u^ q+1 )+ 

i=0 

(-l)^ 1 9 9+1 (T( 7 ))(/°, . . . F I U*, . . . , U^) = 6(T(7))(/°, • • • , / p I . . • , U 4q+1 ] 
Next, we show that T o d 2 ="[B o T. Using the Stokes formula we see that 
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T( c / 27 )(/°,...,^- 1 |^ ,...,^) = 

fdf 1 . . . df*-\d*y){<l>Z\ 0i _1 0o \ ■ ■ ■ , 9 ~-i " " " <f>o\ 1) 

fdf . . . dr-^ifc 1 , 0rVo • • • » 0A • ■ ■ tfb 1 , i) = 



G 



G 

(-ir 1 1 rf( AT • • • dr 1 )^ \ ^rVo \ 0A ■ ■ ■ <k\ i) = 

(tfl(T(7))(/ ,...,/ p - 1 |C^,...,t^)- 

-» 

To show that B o T = we check that the image of T is horizontally cyclic. 

?(T( 7 ))(/v..,n^---,^j = 

(Tfr))^ 1 V). . . . , 0~ 1 *(/ p ) I u^u^ . . . , tvj = 

0- i *(/°# 1 • • • # p h(<^\ 0o x r q \ ■ ■ ■ r q \ ■ ■ ■ 0o v 9 _1 , i) = 

G 

0- 1 *(/°# 1 . . . ^^7(1, 0o \ ■ ■ • 07-2 • • • 0o \ 9 "-i • • • 0o ') = 

G 

(-l)' / (/°d/^..^) 7 (0 o -\...0-i 2 .--0 o -\0-_\..-0 o : 1 ,l) = 
Jg 

(-iyT(i)(f,... t p\u4 ,...,u+ q ). 

The identity ffr o T = follows from the fact that d is a derivation. □ 



We now consider the diagram 



C^'(U, F,C s )^C'-'(C™(G),r) , (3.48) 



where A := a s o (2) g (g> irf) o X -1 o <5jf. The antisymmetrization map 

a T : C''* w (q*, J 7 ) -» CcXvCfl*)-^)) 
is defined in fll.65p . the map 
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is given by (jl.48p . and the Poincare isomorphism 
by (jl.27p ; finally, the map 

is the first antisymmetrization map, defined in (ll.22p . 
Proposition 3.11. The diagram (13.481) is commutative. 

Proof. It suffices to work with elements of the form 1A/ 1 A---A/' G 
C*^ nv (0*, JF). Indeed we see that 

I^ 1 (a J r(uJ ® 1A/ 1 A---A f q ) = 

£ c- 1 )^ ® ® r (1) p)f (2) « ® • ■ ■ ® r (1) w • • • r iq - l \vF {q) . 

CF&Sq 

After applying a g o 2D fl on T~ x {a.j:{uj £g> 1 A J 1 A ■ ■ ■ A / 9 ) the resulted cochain 
belongs to C<5 ®U® P <S> J 7 ® 9 . We then identify it to the corresponding cochain 
in Q ® H U® P+1 ® The result is seen as follows: 

A(u <8> 1 A f 1 A ■ ■ • A / f/ )) = 

£ (- 1 )' 71 ® ® 1 ® r (1) w ® r (1) p)f (2) w ® • • • ( 3. 49) 
...®r (1) (,)... r (2 ) r (9) 

Transferring the image of A via x we observe that for <fr , . . . <p q G V with 
0o, . . . (j) q = Id we have 

X(A(M^ ® 1 A f 1 A ■ ■ • A f 9 ))(g , ...,g p ,<f>o,...,<f> q ) = 

E(-1) CT / (l®« g D (u;))(( 7 o,...,^)T(r (1) ( 1 ))(0i)°0o 1 --- (3.50) 



. . . T(r (1) c«) • • • r^W^x^) ° . . . 1 



Let X 1; . . . , X m be a basis for g and 9 1 , . . . ,9 m be its dual basis. Without 
loss of generality, we can assume u = 9 p+l . . . 9 m . We compute the term 
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godgi . . . dg p uj = g X h {gi)9 n . . . X ip (g p )O n uj = 
g o X il {g 1 )...X ip (g p )6 il ...0 il u = 

l<ii,...,i p <m 

. ..X^ p) (g p )w G = (1 ® a g o £> g (a;))(#o, • • ^9 V ) W - 

(3.51) 

We next compute 

T o Q(u ® 1 A f 1 A ■ ■ ■ A P) {g , . . . , g p , fa, . . . , <j> q ) = 
[ g'dg 1 . . . dg p e(u ® 1 A f 1 A • ■ ■ A f*){fc\ 0rVo \ ■ ■ ■ , tfi • • • <^>o \ 1) = 

JG 

/ • • • dg p WT (5(r( i )))(0 o ) T (5(r( 2 )))(0o0i) . . . tW))m> • • • 0,-1) = 

£ / (1 ® % ° • • • , 9 P MS(r W ))(fa)j{S(r^))(fafa) • • • 

(3.52) 

Using (I3.5p . (I3.12p . the assumption O . . . fa — Id, and the fact that ^is an 
algebra map, one sees that 

jiS(r {1) ))(faHS(r^))(fafa) ■ ■ ■ T(^(r (9) ))(0o • • • ? -O = 

tW c1) ))((& . . . 9 )- 1 )T(5(r (2) ))((0 2 . . . 0,)- 1 ) . . . jisir^w- 1 ) = 

• • • fa) o fa^f°W)(fa ...fa)o fa 1 fa 1 . . . 

..Mr (q) ){^)ofa 1 . 1 ...fa 1 = 

(7(r (1) a))(0i)T(r (1) ( 2 ))(02) o fa 1 . . . j{f^\ q) )(fa) o 0" 1 . . . 0J" 1 ) o ^ 

(T(r (2) (i))(0 2 )T(r (2) ( 2 ))(03) o fa 1 . . . j{f^\ q ^)(fa) o 0- 1 . . . o 0^0- 1 . . . 

(?{r (9 - 1 V))(0 g -i)T{r (9 - 1) ( 2 ))(0 9 ) o fa x fa\) o 0-i 2 . . . 0o 1 
jir {q) )(fa)ofa_ 1 ...fa 1 = 

T{r (1) «)(0i) o O - 1 . . . T(r (2) ( 9) • • • r^W^x^) ° 0-_\ . . . 0O- 1 . 
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In conjunction with (j3.50|) . (I3.5ip . and ( I3.52p this implies x°A = To9. □ 



At this point we introduce a new type of characteristic map, obtained by 
cup product with a cocycle with coefficients (c/. [27]), which lands in the 
differential graded algebra f2 Cj r(G). We let J 7 acts on A*g* trivially and 
coact via W g * defined in (jl.29p . We define r e Rom u ^ B )(V*(g*) <g> fi C) r, C) = 
Hom(A'g* ® Q c>r , C) by 



aw, if = Id; 
r(a®w[/;) = { Jg (3.53) 

0, otherwise. 

Lemma 3.12. The functional r belongs to Zj-(f2 Cj r(G); A*g*), that is for any 
b, b\, b 2 G Q c ,r(G), any a G A*g* ; and any f G T , one has 

r{a®b 2 b x ) = (-l) dc ^ dc ^r(a <0> ® J(5'(a <l> )(6 1 )6 2 ), (3.54) 

e(/)r(a ® 6) = r(a/ ® 6) = r(a ® ${S{f))(b)). (3.55) 

Proof. As (I3.55P is obvious, we just prove (I3.54p . Let 61 = ujiU^ and 6 2 = 
u>2U^ 2 , with 0i0 2 = Id. Then 

r (a <8) b 2 bi) = / aw2 02(wi)= / 0i*(a) 0i(w 2 ) = 
Jg Jg 

(-i) dcsK)dcs(W2) / «< o >T(« <1> )(0r 1 )^0>2 = 

Jg 

( _ 1) de g (. 1 )de g (. 2 ) T (a<Q> ^ J( 5 (a <1> ))(6 1 )& 2 ) . 

□ 

With these preparations we define x f : A'g* (g> J 7 ® 9 ->■ C 9 (fi Ci r(G)) by the 
following formula: 

X \a ® /)(6 , • • • , b q ) = (-l) dc ^r(a ® 6 ?(^(/ 1 ))(6 1 ) . . . W))(&,)). 

(3.56) 

Alternatively, 

X f (« ® J 1 ® ■ ■ • ® / ff )(w f/; o , . . . , w , = (3.57) 
(-f) dc sM f aa; o 0Sa; 1 ...(0 (? _ 1 ---0o)HT(/ 1 )(0r 1 ) o 0o--- 

■■•t(/ <? )(0; 1 )°0^i...0o), 
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if g ... 0o = Id an d otherwise. 

Proposition 3.13. The map \ is a map of bicomplexes, satisfying 

X ] b* T = b ncr{G) x\ X ] B*p = B Qcr{G )x\ X^ s * = dn c , r (G)X 1 • 

Proof. We begin by proving the last equality. Assuming <p q . . . O = id and 
denoting = jif 1 )^ 1 ) o O • • • fif 9 )^ 1 ) ° 4> q -i ■■■4>o, by the Stokes for- 
mula one has 

dn cAG )x\a ®f 1 ®---® f q )(oj u; o , . . .,u q u; q ) = 
q r 

/ a u 0^ • . • (0o • • • . . . (0o • • • 9<t> = 

i=i J G 

- / d(a) uj (j)* Q uJi . . . (0o • ■ ■ (j> q -i)*u q g^— 
Jg 

(-l) d °z(™°-»«) [ 5o; o 0*a; 1 ...(0 g _ 1 ---0o)H^- 
Jg 

To compute d(g^), one writes 

d(g <l ,) = Y i e i X i {gt) = 

i 

^ $ x l ( T (/ i )(0r 1 ) o 0o • • • jin^- 1 ) o 9 _! . . . O ) = 

i 

E tU 1 )^ 1 ) o 0~ o • ■ • x, ( T (/ i )(07 1 ) o 0,-.! . . . O )) • ■ • 

Next we use ( 13. 6ft . and ( 13. 5 1) to see that 

*i(7(/0 W 1 ) ° fe-i ■■■&) = f/ ;-,..0o^ J - 1 ..^o^f/;_ 1 ...^ o (7(/ J )(07 1 ) = 

^;_ 1 ...^o7(^ <1> (0 J -i . . .0 o ))x <o> ( 7 (f )(0- 1 )) = 

u^M^M 1 ■ • •^ 1 ))^<o>(7(/ i )(07 1 )) = 

^;_ 1 ...0o7(^< 1 >)(07 1 )7(^< 2 >)(07 + 1 i) <>&••■■ 

■ ■ •7(^ < _ +1> (07 1 ) o 0^ . . . J )x <o> ( 7 (/ J )(07 1 )). 
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On the other hand, due to the fact that Xj are primitive one sees that 

d s *(a <g> f 1 <g> • • • <g> f ) = da <8 J 1 <8 • • • <g> f - 

^ 0* A a ® ^ • {f 1 ® ■ ■ • ® /«) = da g) J 1 ® • ■ ■ ® / 9 - 

i 

^fl'Aa® <0> > Z 1 ® X(D <!> (X(i) <0> > f) ® ■ ■ ■ 

i 

• • ■ <8> Xj(,+1) <!>••' Xj( 9 ) <x> (Xj(<j+1) > f q ) = 

da® f 1 <g> • • ■ ® / 9 - 

0* A a ® X i( i) <0> > J 1 (8) X(d <x> (X m <0> >f 2 )®--- 

i 

■ ■ ■ (g> Xj( 9+ 1) <:L> ■ ■ •Xj( 9)<1> (Xj(q + l) >/ 9 ) = 

da <8> J 1 (8) ■ ■ • (8) / 9 - 

^ ^ A a (8 J 1 (8 • ■ ■ ® r l (8 X t<0> > f ® X t<1> f> +1 (8 • • • <8> X, <9 _ 

In view of (I3.14p . it follows that x d$* = <^n cr (G)X ■ Since Lemma [3.121 
ensures that A'g* is a SAYD over T and r is A*g*-trace, by [20J is a 
horizontal cyclic map, and hence it commutes with Wp and B T . □ 

Recalling the map X" 1 : C^ nv (g*, J 7 ) C M (g*, J 7 ) defined in fTOHj) and the 
antisymmetrization map atjr : C™ w (g*, J 7 ) — >■ C^f nv (g*, J 7 ) defined in (jl.65p . 
we can now prove the following statement. 

Proposition 3.14. The following diagram is commutative 



C 9 (n Ci r(G)) 



(3.58) 



c- Bott (n q (G),r) 



Proof. Decomposing each / G J 7 as / = e(/)l + /(o), one sees that 



(or 



fc=0 
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Thus, it suffices to apply the map x A '■= ^> o Q of (13.451) for monomials of 
the form «®lA/ 1 A---A/' ! , with f k G J^o) := Kere. In this case the s(f) 
factor disappears from all the above expressions, and its formula becomes 

x > ® i a f 1 a ■ ■ • a f)( Wo f/;, Ul f/;, . . . ,u q u; q ) = 

_ r~ C J G 



res, 



•I 



au o *wi . . . (4> q _i . . . 4> )*UJ q . 



(3.59) 



if 4>q ■ ■ ■ 4>a = 1 and otherwise. 

On the other hand a direct computation shows that 

l- l a T (a <g> 1 A f 1 A ■ • • A f q ) = 

• • • ® r (1) (,-D • • • r^-'V) ® r (1) (9) • • • r^w^. 

Composing with x > one obtains 

x\T~ x a T {a ® 1 A f 1 A ■ ■ • A /^(wbE/^wiEft, ■ ■ ■ = 

(_!)**(«)+« /" ~ ^ ^ . . . ^(1)^)^1) o 0q 

cr J* 3 

■ ■ • 7(r (1) («-D • • ■ r (9_1) «)(0 ? "-i) ° 0,-2 ■ • • 0o) 

^ r (i) (q) . . . r (< ? -i) (2)r ( 9))(0 -i ) ^ ^ 

Using the fact that f is an algebra map and (13. 5p one sees that 

tir^w)^ 1 ) ° 0o • • • T(r (1) (,-D • • • r^wxc 1 !) ° ^ ... 00 
T(r (1) (9 ) • • • r^W^x^ 1 ) o 0,-1 ... 00 = 
T (rW)(0 r i ...^ i )o0 o ... 

■ ■ • ^r^x^-i ■ ■ • ° . . . O ) -k^) w 1 ) ° A-i • • • 00- 

In view of this simplification and since 0" 1 • • - = • • -</>o, it follows 
that 
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XH^a 8 1 A J 1 A • • ■ A /^(wbCft.W!^, . . . ,c^) = 

( _ 1) de g («)+ 9 ^- ( _ ir /" « Wofrl ...^_ 1 ...^ ?(f (l) )Wo ^... 

■ ■ ■ y(r iq - 1) )(<t> q -2 ■ ■ ■ <h) ° 4> q -2 • • • 00 r(r (9) )(^-i • • • O ) o ... 0o- 

(3.60) 

Finally, repeated use of the identity A3. 12|) shows that the outcomes of (13.601) 
and (I3.59P are identical. □ 

Remark 3.15. The transfer of characteristic classes from Gelfand-Fuks co- 
homology to the cyclic cohomology of action groupoids can be summarized in 
the following (quasi-) commutative diagram: 



Qop(a) — — c c -i- w (r,j-) 

The two vertical arrows which have not appeared before are defined as follows. 
The map 1 is similar to (I2.42p . but with differential d and with the homotopy 
given by the cyclic analogue of the Cartan formula. By Gorokhovsky's re- 
sult [T71 Theorem 19], *"|o\l/ induces the same map in cohomology as Connes' 
map $. For completeness, we recall from [TJ Chap. Ill, Theorem 14] the 
definition of <J>. 

Let B(G) be the tensor product, 13(G) = O c (G)®AC[r'], where T' = T\{e}. 
One labels the generators of C[r'] as 8^, <fi G T, with 5 e = 0, and then forms 
the crossed product 

C = B(G) x r, 
with respect to the commutation rules 

Ul to = (p* lo = oj o 0, oj g Q C (G), 

Ufa <5 'fa Ufa = 5fa fa - 5 fa, <f)j g r . 



C-(A c , r (G)) (3.61) 

^c'(n CiT (G))U 

C^ ott (n.(G),T) 



(JS 



One endows the graded algebra C with the differential d given by 

d(bu;) = dbu; - (-if b bs^u;, d{u <g> g) = du ® l 

A cochain 7 G C^ tt (Q(V), T) determines a linear form 7 on C, by, 

j(cu®5 gi ...6 gq )= I j(l, gi ,...,g q )u;, T (&[/;) = if ^ 1. 

With this notation, the map $ : C^ tt (Q(G), T) -> C dimG - p+9 (A.r(G)) is 
given by 

$( 7 )(x°, . . . , X*) = X p>q Y^(-^Y {l ~ ]) l(dx j+1 ■■■dx £ x° dx 1 --- dx 3 ), 

3=0 (3.62) 

p\ 

where £ = dim G — p + q and A Pj9 = — — . 

[t + 1) . 

4 Relative case 

4.1 Relative Hopf cyclic bicomplexes 

In this section we extend the previous results to the relative case. Let Qq be 
the linear isotropy subalgebra of g and let f) C q be a subalgebra. One defines 
the relative Hopf cyclic cohomology of the Hopf algebra % with respect to 
the Hopf subalgebra V := U(t)) and with coefficients in Cs as the Hopf cyclic 
cohomology of the Ji- module coalgebra C := % ®v C with coefficients in Cs- 
Here V acts on T-L by right multiplication and on C by the counit and Ji 
also acts on C by left multiplication. The cochain spaces of the complex for 
relative Hopf cyclic cohomology are 

C n (U, V, C) = C 5 ® w C® n+1 C ® v C 0n , (4.1) 

and we refer the reader to [TTJ or [501 P a g e 758] for the definition of the 
coboundaries. According to [301 Theorem 3.16], ( 14.1 p can be identified via 
maps similar to defined in ( I1.15P with the diagonal of the following 
bicocyclic modules: 

C™(Q, 7, C s ) := C 5 ® H Q® p+l ® (4.2) 
C p ' q (Q, 7, C s ) := C s ® v Q® p ® J 7 ® 9 . (4.3) 
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Here Q := U(g) ®y C, and V acts on Q® p <g> J 7 ® 9 diagonally by left multipli- 
cation on <2, and by the restriction of the action of U on J 7 . Precisely, 



k ■ (v <g> /) = few ■ f (g) fc(2) • /, 

k ■ (v 1 <g> ■ ■ ■ <g> v p ) = k m v l ® • • ■ <g) 

k ■ (f 1 ® ■ ■ ■ ® f q ) = k w > f 1 <g> • • • <g> few > /«. 



(4.4) 



V acts from the right on C$ := C by the restriction of 8 : H — > C. Diagram- 
matically, the bicomplex C ,,, (Q, J 7 , Cj) is depicted as follows 



\B 



\B 



fb 



C 5 ® v Q® 2 



C 



s ss>v 



J 7 : 



-5 5S>V 



0) 



t6 



fB 



C 



5 »V 



Q: 



B 

— ► 
6 



fB 



®v Q ® T '■ 



B 

— ► 
b 



fb 



\B 



fB 



J 75 



c 



\B 



c 



s 



C 



B 

—r 
b 



fb 



fB 



c 



s es>v 



J 7 : 



— > 
6 



<5 <i9v 
fb 



\B 



®2 



B 

— > 
6 



J 75 



B 
7 



B 



(4.5) 

with the boundaries and coboundaries defined similarly to their counterpart 
in the bicomplex (j!.12p . 

Next, one defines the relative version of the bicomplex C*'*(q, J 7 , Cg), cf. 
fll.26jl . namely the bicomplex by C*'*(g/(), J 7 , C$) depicted in the diagram 



"a 

C s ® h A 2 q 
C s Of, q Z 

C 5 ®[, te- 



as 



B% 



:C S (g),, A 2 q g> J 7 : 



®d q (8) J 7 : 



a" 



J 7 : 



)f, A 2 q ® J 7 ' 



,2* 



q® J 7 



«2 



J 7 



(x)2 



B 



(4.6) 
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as follows: 

C*>'(g/f), T, C s ) := C 5 <g>„ A p q ® J^, (4.7) 

where q := g/f), and f) as before acts on q by adjoint action and on J 7 via 
the restriction of V as above. The three (co)boundaries of C*' , (g/f), T , Cs), 
induced from those of (jl.26p . can be explained as follows. First, the Lie 
algebra homology boundary d s with coefficients in Cs <S> J 7 ® 9 , with the action 
of g defined in (II. lip , induces the relative version for the pair (g, fj), to be 

denoted by d^. The expressions of the operators B and b involve the coaction 
of J 7 on Cs ® A p q. In turn, this coaction is induced by the coaction of A p q 
defined in ( ll.23p . and is given by 



T S (18X 1 A--AI 9 ) = 1®X 1 <0> A---AX\ 0> ®X\ 1> ...X\ 1> , 

(4.8) 



where X stands for the class of X in q. Since f) coacts trivially, the above 

coaction is seen to be well-defined. Thus, b (resp. B) are the Hochschild 
coboundary (resp. Connes boundary) operators of J 7 with coefficients in 
C<5 (g) A p q. One notes that all horizontal operators are f)-linear and hence 
they induce their own counterparts on Cs <8>(, A p q ® J 7 ®" 1 . We denote them by 
b% and B%. 

One next observes that the antisymmetrization map defined in (I1.65P de- 
scends to its version in the relative case, 

a B : C s ®„ A 9 q ® F® p -> C 5 ® v Q® 9 ® (4.9) 
5(1 (g)f, X 1 A ■ ■ ■ A X p <g> /) = 1 5Z(-l) CT l®v^ ,T(1) ®---®^ CT(p) ®/~, 

Since everything is induced from the absolute case a is a map of bicomplexes. 

Like in the absolute case, we resort to the relative Poincare map to pass from 
homology to the relative Lie algebra cohomology. By definition, 

: (A 9 q* ® F m f A m ~ k q* ® h A m - fe - 9 q <g) F m 
9 _ (4.10) 

£ O/ ® /) = ®n ® /, 

where k = dimf), and zu* (resp. ca q ) is the volume (resp. covolume) form of 

q- 
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To ensure that the relative Poincare map is an isomorphism, we make the 
assumption that f) is reductive; in particular it acts on J 7 ® 9 semisimply. The 
resulting bicomplex is denoted by C*''((g/h)*, J 7 ) and is defined as follows: 

C p ' q ((Q/i))*, := (A p q* ® F m f- (4.11) 

it consists of invariant cochain when f) acts on q* by coadjoint representation 
and on J 7 as usual which is the restriction of the original action of g on 
J 7 . There are again three coboundaries Bj-», b-p* and &L. The first two are 
defined as the restriction of the Connes boundary and Hochschild coboundary 
of T with coefficients in A p q*, where the coaction is induced by ( 11.31)) . One 
notes that the induced coaction is well-defied, as the coaction of f) is trivial. 
The other coboundary d^* is the relative Lie algebra cohomology cobundary 
of g, t) with coefficients in J 7 ® 9 with the original action of g. One notes that 
all maps descend to the invariant subspace with respect to t), since f) is a 
subalgebra of g , and H. is a g -Hopf algebra, which means A, /x, e, 77, S of H 
are go-equivariant. We depict the new bicomplex in the following diagram: 



(4.12) 



A 



B 



(A 2 q* ® JRj- 



9 



c 



(q*®^) f 



(C ® J 7 / 



4. 



> 2 q*® J 7 ® 2 )" 



B 



B* 



(q*®^ 2 )» 



The next step consists in identifying C*'*((g/f))*, J 7 ) with the J-"-coinvariant 
version C* nv ((fl/f))*, J 7 ), defined as 

C p co U(9/ty\F) = ((av® (4-13) 

precisely, an element of C p ' 9 ((g/h)* , J 7 )- 77 is an element a®/ e C^tavCs*; •^*) : = 
(A 2 g* ® jr»?+i)^ suc h that 

£x(a ® I) = tx(a) = 0, for all X el), (4.14) 
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where Cx stands for Lie derivative of X, with \] acting as before, and tx is 
the contraction with respect to X. 

Again, since the structure of the Hopf algebra Ji is V-equivariant, the map X 
defined in fTOTj) descends to C''((q/\))* , J 7 ) and lands into C*'"((fl/f))*, FY- 
It defines an isomorphism, as the inverse X -1 , defined in (jl.48p . also descends 
to the relative case. We denote the induced maps by X H and 2^ : 



C->-(( /f))*,J-) 



T _1 



c---((s/h)*,x-)^. 



As a result we get the following bicomplex 



(4.15) 



rjh,coinv 

a 



ih , coinv 



i fl ,coinv 



ih , coinv 



((A 2 q* ® F) r f ^ ((A 2 q* <g> r^) F f ^ ((A 2 q* <g> j^ 3 )^)" £ 



B 



h .coinv 



at) ,coinv 



((q*®^) 



((q*® J^ 2 )^ 



at) , coinv 



B' 



i f) , coinv 



bI 



((C<g>.F)- F )«' 



((c® j^ 2 ) 



((C®P 



®3\ 



B? 



B 



t} , coinv 



with the coboundaries «9j' coinv , &5' coinv 



(4.16) 



and the boundary B^ comv induced from 
<9£ oinv , and b c / nv and Bf inv respectively. 

We let H act on q := g/f) by the adjoint representation, and on q* by its 
transposed. We also let H act on 9T from the right by the restriction of the 
action of G on 01. We this understood, we define the bicomplex 



c p a% (a/m = c^jm, ax)) h - (4.17) 

A cochain c G (7^(91, (jj/f))*) is a homogenous polynomial g-cochain on 9t 
with values in A p q*, which is invariant under the action of H; equivalently, 
it is a nonhomogeneous polynomial cochain c G (7^(91,0*) := Cp 0l (9t, A P Q*) 
such that, 



L X (c(if> o ,... 1 iJ) q )) = 0, Xei), 

C(V>0 < 0, • • • , Ipq < 4>) = Ad C(V>0, ■■■,1pq), (j) E. H. 



(4.18) 
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One notes that C^* pol (9t, q*) is well-defined as H C G , the linear isotropy 
subgroup of G, and the action of Go by left translation commutes with action 
of OT on G. The coboundaries d po \, 6 po i, and boundary -B po i, defined in fll.56p . 
f ll.54p . and (jl.55p . induce their own counterparts on (7*^(91, (g/f))*). These 
are denoted in the diagram below by d^ ol , b^ ol , and B** ol . 



qH 
"pol 



pol 



qH 
"pol 



H 



ii 



"^pol 



"pol 



ii 



"^pol 



b" 



H 



pol 



pol 



"^pol 



pol 



^pol 



<ol 



"^pol 



p ° ' 



pol 



C p 2 oi(^A 2 q*) 
-C p 2 ol (0T,q*) 

-C p 2 oi(^ 



ii 



p ol 



ii 



Rfl 

-^pol 



^ol 



p ol 



(4.19) 



We then identify CV(9T, (g/f))*) with CV nv ((g/f))*, J 7 ), via the isomorphism 
J" H induced by J" (defined in (Q5|l ). 

Finally, recalling the subcomplex C^5 w (g*,J r ) of C^^^g*, J 7 ), c/. fll.6ip . 
formed of the .F-coinvariant cochains (A p g* Cg> A" ?+1 J r )' F , we define its relative 
version C£5 w (fl*, ffJ 7 ) := ((A p q* ® A^J*)")^. It consists of those a <g> / e 
Cc-w(fl*>^) such that 

L X (a) = £x(f®f) = 0, Xef). (4.20) 

The antisymmetrization map ajr idenifies C*I* w ((g/f))*, J 7 ) with a subcomplex 
of CV nv ((g/f))*,^')- The restrictions of df' coinv , an d feJ' coinv and ^' coinv are 
obviously well-defined, and one notes again that, due to the antisymmetriza- 
tion, B^coirw ^_ q ^y e denote the induced coboundaries by d^_ w 

and b^_ w , and record the resulting bicomplex in the following diagram: 
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6? 



(A 2 q*)" — ((A 2 q* ® A 2 ^)" — ((A 2 q* ® A 3 ^)" 



6? 



9 H 

C — W 



<9" 



(q*) 



*\t) c ~ w ; 



C 



6? 



((q* ® A 2 ^) h 
((C ® A 2 ^)^) 11 ■ 



6? 



((q* (8) A 3 ^)^)" 
■ ((C (8) A 3 J r )- F ) f) ■ 



6? 



(4.21) 



The outcome can be summarized as follows. 



Proposition 4.1. Let H be a connected Lie subgroup of the linear isotropy 
subgroup G C G. 

a) The bicomplexes (I4.12p . (I4.16p . (I4.19P are mutually isomorphic and are 
quasi-isomorphic to (I4.2ip . 

b) If in addition H is reductive (and therefore acts semisimply on J 7 ) then 
the above bicomplexes are quasi-isomorphic to (14.61) and hence to (14.51) . 



4.2 Relative characteristic maps 

As above, the standing assumption is that H C Go is a. connected subgroup 
of the linear isotropy subgroup. We let V denote the coset space G/H by V. 
Assuming for the time being that H is also compact, one can identify C^°(V) 
with the functions / G C£°(G) such that f{kg) = f(g) for all k G H. Since 
right translation by H commutes with the action of T, the crossed product 
A Cj r(V) := C™(V) x T is well-defined. 

Let V := U(fy) be the enveloping algebra of 1), considered as Hopf subalgebra 
of H. Using the (^-invariant trace (I3.16P on A c ,r(G), one defines the relative 
version of the characteristic map define (I3.32P as follows 

X h:C'CH,V,Cs)^C'(A c AV)), 

(4.22) 

Xh(1 ®h h° <8> ■ ■ • ® h q )(a° <g> • • • <g> a q ) = r(/ i °(a°)/i 1 (a ) ■ • • h*(a 9 )). 
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Here C n {U, V, C s ) : = C s ® H C® n+1 ^ C 5 ® v C 0n , and its Hopf cyclic structure 
is that defined in [TTJ §5], corresponding to the coalgebra C =: H ®v C acted 
upon by H via left multiplication. 

Without any extra work one constructs a bicocyclic module similar to (13. 2p 
for computing the cyclic cohomology of A c ,r(V). We denote this bicocyclic 
module by 

cM(c?(y), r) : = Hom(c c °°(y)® p+1 ® cr® 9+1 , c), (4.23) 

where its cyclic structure are similar to that of ( 13. 2p . One then defines the 

following bicocyclic map similar to ( 13 . 1 5j) . 

X : C%f(Q, J 7 , C s ) -> C™{C™{V), T), by the formula 



X (1 ® T n ® /J (g | 17) = r (u°(g ) . . . u^g p )d(S(f ))(U^ ) . . . J(5(/«))(t^)) . 

(4.24) 

The above map induces characteristic maps in the level of total and diagonal 
of the above bicomplexes. The counterpart of Theorem 13.71 reads as follows. 

Theorem 4.2. For any compact, connected Lie subgroup of H C Go, the 
following diagram is commutative: 



C n (H,V,Cs)- 



Xact 



Xact 



X d i a 



SH 



C™(Q,F,Cs) 

p+q=n 



Xtot 



-c n - n (C£°(F),r) 

Si? 

c^(c~(y),r). 



(4.25) 



We now drop the compactness assumption on H, and recall, cf. (I3.40p . the 
map : (A p g* <g> A" +1 Ff Cg'* tt (G, G) given by the formula 



e(^a®/ o A---A/ 9 )(0o, 

= Ec-irTW^))^ 1 ) • • • T(5(r w ))(^ 1 )« 
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Here a is the left invariant form on G associated to a G A p g*. We also recall 
the other characteristic map x ] ■ A'g* <8> F m ->■ C q (Q CtT (G)), cf. ( I3.56P or 
(EST]). 

Theorem 4.3. Let H C Gq G G be a Lie subgroup of linear isotropy subgroup 
and let f) C g be its Lie algebra. 

a) If c e C™ w ((q/1))* : T) then 6(c) e C™ tt (V,G), hence Q induces a 
map of bicomplexes 

® H ■ C^ w (( S /hr,-n C^ ott (^(T/). (4.26) 
5 ) The map x* induces a similar map in the level of relative cohomology 

X f : C">«((fl/r, J 7 ) ~+ C%^ V {V)). (4.27) 
c j T/ie following diagram is commutative 



C"' 9 ((fl/f))*, 7) 1 C«(n c>v (V)) (4.28) 



T 1 - 

1„ oct T 



H 



c;i 9 w ((s/f))*, .f) — 2 — - c^ ott (Q q (v), r). 

Proof. a) Let c:=a®/°A---A/ ? . By definition we know for any iGf) 

£x(«® f A ••• A/ 9 ) = (4.29) 
L X (a) = 0. (4.30) 

It suffices to show that, for any fa e G, 

£x(e(c)(0 o , • • • , = tx(©(c)(0o, • • • , = 0, for any Xet). 

(4.31) 

The second condition being just ( I4.30p . we only need to verify the first 
one. From ( I4.29p . one sees that for any X e f), 



C x (a) (8) /° A • • • A f q = -a ® £ x (/° A ■ ■ ■ A / 9 ) = 

9 (4 32) 

- ^ " ® /° A ■ ■ ■ A X > f A ■ ■ ■ A f q . V ' ; 

i=0 
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In the following calculation we use in the stated succession (I4.32p . 
Lemma [1.11 the fact that T(X) = X <g) 1 for any X e q q , ( 13. 5p . and 
finally the fact that °f{f)(<fi) = e(f) for any <p e G. 



£ x (e(c)(0 o ,...,^)) = 

D-ir^r®))^ 1 ) • • • jisu^m^cx 



a 



- D-irTW^))^ 1 ) • • • • • • fistr®))^ 1 : 



a 



IT, I 



Ec-i)'^^))^ 1 ) 
E(- 1 ) a ^ 5 '(/ <T(0) ))^o 1 ; 



eft 
d 



tW^))(#W«0) • ••^(f (9) ))(^ 1 )« 

T{5(f (!) ))(C 1 )-T(5(f W ))^ 1 )fi = 



Since G is a map of bicomplexes, so is H . 

b) The proof is entirely similar to that of a). 

c) The arguments of the proof of Proposition 13.141 apply here too. 



□ 



Remark 4.4. One has the following relative analogue of Remark 13.151 for 
the transfer transfer of characteristic classes from Gelfand-Fuks cohomology 
to the cyclic cohomology of action groupoids: 

C'(A c , r (V)) 



C t o P (a, f)) 



C'-((B/fO*,J)- 

I~ 1 oaj- 



xf 



e 1 



Q ott (a(nr). 



(4.33) 
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The relative version of $ has the expression 



3=0 

where £ = n — p + q and X p>q = — — . 

{£ + 1)- 

(4.34) 

4.3 Hopf cyclic and equivariant Chern classes 

In this final subsection we illustrate the versatility of the cohomological appa- 
ratus developed above by indicating how to transfer the universal Hopf cyclic 
Chern classes from relative Hopf cyclic cohomology to the Bott bicomplex 
and to the cyclic cohomology of convolution algebras of action groupoids. 

4.3.1. Let % n be the Hopf algebra of the general pseudogroup G n , cf. [8]. 
Recall that, according to [30], "H^ op = J(G n ) ►< U{G n ). As an algebra, in 
the notation of [30], "H£° p is generated by 

{1 K\ X k ,l ►< Y^rf jMh ^ u X\ 1 | meZ + ,l<iJ,k,h,...,l m < n}; 

{Xi, . . . , X n } is the standard basis of vector fields on IR n , {Y- \ 1 < i, j < n} 
is the standard basis of the Lie algebra gl n = $j[ n (IR), and the quotient of the 
affine group G by the linear group H = GL n (M) is identified with V = M. n . 
We caution that the notation of the generators 77* k ^ lm G T is slightly 
different from that employed earlier in the paper, reflecting the use of double 
indices for the basis elements of g( n . 

In [30| §3.4.1] we have shown that the relative Hopf cyclic cohomology 
HP'('H'^' p ,U(Ql n );Cs) is isomorphic to the relative Hochschild cohomology 
HH*('H'£' p ,U(Ql n );Cs). Moreover, we exhibited a basis for the latter, con- 
structed as follows. 

For each partition A = (Ai > . . . > A^) of the set {1, . . . ,p}, where 1 < p < n, 
let A G S p also denote a permutation whose cycles have lengths Ai > . . . > A&, 
i.e., representing the corresponding conjugacy class [A] G [S p ]. Define 

C P ,x ■= ® X Mp + D A • • • A X Mn) ® < (1)ja(i) A ■ • • A ^ p)jA(p) , 

where the summation is over all /i G S n and all 1 < ji,j2, ■ ■ ■ , jp < n. Then 
{C Pt \ ; 1 < V < n, [A] G [S p ]} are Hochschild cocycles and their classes 
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form a basis of the group ifif*("H™ p , U(Ql n ); Cg). Except for extreme 
cases (p = 0,n or A = Id) these cannot be viewed as representing cyclic 
classes. Indeed, while bjr{C P) \) = 0, in general C Pt \ is not closed under the 
Lie algebra coboundary operator dy. What is actually proved in [30] is that 
the horizontal cohomology of (14. 6[) computes HH 9 (H C ° V ,U(gl n ),C$), which 
is generated by the above classes C Pt \, and that the vertical coboundary dy 
vanishes at the level of Hochschild cohomology We shall now indicate how 
the Hochschild cocycles C Pt \ can be completed to {b^, <9y)-cocycles. 
Denote by D the commutative Lie algebra generated by {rfj k | 1 < i,j, k < 
n}, and let F = S(d) be the coresponding symmetric Hopf algebra. It 
is known (see e.g. [231 XVIII. 5]) that the Hochschild cohomology of the 
coalgebra F can be identified with the cohomology of the graded complex 
A*0 endowed with the differential. More precisely, with a : A'd — > i 7 " 8 " 
denoting the antisymmetrization map and 

the natural projection map, there is a homotopy operator h : F®' — > F®' -1 
such that the following relations hold: 

[i o a — Id, a o fj, = Id +hbjr + bjh. (4.35) 

By a slight abuse of notation, we keep the same symbols for the extension of 
these operators tensored by the identity to the complex obtained by tensoring 
with A'V. We start by observing that 

dy(C PiX ) E (A^V ®F® n - p ) sl "; 

the proof uses the facts that the action of the X^s on F is characterized by 
Xe&Vjk = Vj mi tl 13 ^ C Pi a is antisymmetric, and finally the "Bianchi" identity 
[30| (1.28)]. Moreover, one actually has 

dyiCp^x) G ker /i n ker bjr. 

As dy and bjr commute, it follows from (I4.35P that 

b T ((hdy)(C p , X )) = -5v(C PtX ), 

1 The statement of [301 Theorem 3.25] erroneously identified the basis elements as cyclic 
classes; they merely parametrize all the cyclic classes. 
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where dy stands for the signed version of the Lie algebra coboundary. By 
induction, one checks that the cochains 

C® x := (hd v y(C p , x ) 6 ( A P "V ® F®™"^) 01 ", 

where 1 < i < m p := min-jjo, n — p}, satisfy 

Mc£t 1} ) = -Bv(c$). 

Assembling them into a total cochain 

m p 

TC p , x := (4.36) 

i=0 

one has by the very construction 

(b + d v )(TC p , x ) = 0. (4.37) 

The total cocycles TC P)X , which live in the bicomplex (14. 6p . represent a ba- 
sis of the cohomology group HP'(7-L™ p ,U(gl n ); C$). Via characteristic maps 
these total cocycles can be transported to define cyclic cocycles in the vari- 
ous models of cyclic cohomology for etale groupoids. For the clarity of the 
exposition, in what follows we shall only deal with the top component of 
these Chern classes C PyX = I(TC P , X ). 

To this end we proceed to transfer the above Hochschild cocycles, as well as 
their cyclic completions, to the bicomplexes (I4.12p and (I4.16p . First, we pass 
to (I4.12p by means of the inverse of Poincare isomorphism D~ l in relative 
case ( 14. lUp . Denoting by {9 1 , . . . , 9 n } dual basis {X%, . . . , X n }, one obtains 

C,<™ := ®,-'(CW) - E A-A *» 8 Jwi A ... A < p)jAw . 

We next move via the relative version X H of the map X defined in 

(TOTD, and denote the classes X H (C™) by cfp . In the bicomplex (|PS|» . 
the Hochschild cocycle C^~^ has the following expression: 

c $m = 0M (i) A ... A 0m(p) g, „w A . . . A > . A 1 (4.38) 
= V O* 1 A ■ ■ ■ A 9 ip ® • A • • • A r?/ p , A 1. 
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Indeed, the map X H : C p,q (Q*, h*, J 7 ) -> C^f nv (fl*, h*, J 7 ) is given by the 
formula 



« <0> (8) /V, <g> S{f\ a) )f w <g) • • • <g> S(f*-\ a) )f* w S{r ma<1> ). 

Since T fl * (#*) = 6 1 ®1 and 77^ are primitive, we may assume that a <0> ®a <ls , = 
a (g) 1 and A(/ t ) = J 1 <g> 1 + 1 <g> /*. One easily sees that 

i 

l H (a ® f p) = a® ^(l®*" 1 ® f <g> - l®* g) /* <g> 1®'-*). 

i=l 

Here the multiplication takes place i n th e algebra J c ®i+ 1 . After cancelations 
due to the antisymmetric form of , the desired formula shows up. 

To simplify the notation, we henceforth redenote by C Pi a- The cocycles 

C Pj a are coinvariant, since they belong to the image of X H . They are also 
totally antisymmetric, and therefore belong to C%f w (#*, f)*, J 7 ). Therefore, 
they can be moved by means of the map of complexes 0^ : C^f w (Q*, f)*, J 7 ) — > 
Cfto tt (Q(V), r) (defined for absolute case in (I3.40P ) given by 

e*($> 7 ® r A---A ^)(0 o ,...,0 g ) = 
I 

I, a 

Thus, the expressions 

C p B r (0o, ...,</>„):= e H (C p , x )(4> , ...,cf> p ) (4.39) 
represent the equivariant Chern classes in the Bott bicomplex C^' tt (Q(V), T). 

We now define the connection displacement form Q = (Q l j) : T — > fl 1 (G)^)Ql n 
by 

QW ■= ErfeXr 1 )^ e ^(G), € r. (4.40) 

Taking into account the switch of notation to fit the conventions in [30] , and 
using the equation (1.15) in loc. cit, one has 
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On the other hand, 6 k = (y 1 ^dx v . Substituting these expressions in 

V 

f!4.4Up one obtains the following simplified formula for the connection form 

W)(*,y) = y _1 -^)(a:)-y zvl\G)®&» 

where = (0*) is the induced connection displacement form on V = M. n , 

0(0) = 0'" 1 . d<j)' e tt\V) ® gl n . (4.41) 

The latter satisfies the structure equation 

d0(0) + 0(</>) A 0(0) = 0, (4.42) 

which is just another form for the first "Bianchi" identity [501 (1-28)]. It also 
fulfills the cocycle equation 

0(0! o 2 ) = 0' 2 ~ x 0(0 X ) 0' 2 + 0(0 2 ). (4.43) 

Bott ._ cvH/ 



Proposition 4.5. The equivariant Chern class Ch p ° x := G (TC P>A ) rej>- 

-^Bott r/T , V, Bt 



resented by a total cocycles whose bottom component C® ^ :— /(Ch^ A tt ) has 



the expression 

C p B r(0o,--.,0 P )= (4.44) 
^(-1) CT Tr(0(0 CT{1) ) • • -0(0 ct(Ai) )) A • • • A Tr(0(0 CT(Afc) ) • • -0(0 ct(p) )), 

where a runs over the group of permutations of the set {0, 1, . . . , p}. 

Proof. From (I4.38P and the fact that the permutation A is equal to the prod- 
uct of cycles (1, . . . , Ai) • • • (A&, . . . ,p) it follows that 

6 H (C p , A )(0 o ,...,0 p ) : = 

= E(~ i r E Q£aM°m)---Q£j<t>*( P )) 

= ^(-1) CT Tr(Q(0 CT(1) ) • • • Q(0 ct(Ai) )) A ■ ■ • A Tr(Q(0 CT(Afc) ) • • • Q(0 ct(p) )). 

(J 

Applying the formula ( I4.4ip yields the desired expression. □ 
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Note that, although er(0) does not appear in the right hand side of formula 
f!4.44p . the expression does actually involve all the variables <po, . . . , <p p . 



4.3.2. To clarify the relationship between the above expressions for equiv- 
ariant Chern classes and the classical ones, we recall Bott's formula for the 
Diff-equivariant Chern character of the frame bundle to M n , following Get- 
zler's account in [151 Introduction]. 

Given diffeomorphisms (fi , . . . , (fi p , we associate to any point t = (t 1 , . . . , t p ) G 
A p , < t\ < . . . < t p < 1 the connection 

0(t) = d + h (t?(0 o ) - ^(0i)) + • ■ ■ + t p {d{4>k-i) ~ &(<f> P )) + (4.45) 
With 

/ : Q'(A P x M n ) f]- p (M n ) 

denoting the normalized integral over the fibre of the projection A p x W 1 — >■ 
M n , one defines the Chern-Simons form associated to the diffeomorphisms 
(0o, • • • , <f>p) by 

cs^(0 o ,...,0 P ) = / Tre-^, (4.46) 



where Q(t) = ?9(t) 2 is the curvature form. From Stokes' formula, which in 
this context assumes the form 



od- (-lfdo / + / = 0, 

Ap JAp JdAP 



it follows that the above forms satisfy the cocycle identity 

v 

C /cs^(0o,...,0 P ) + ^(-ircs^ 1 )(0o,--- ,k--- Ap) = 0. (4.47) 



i=0 



Thus, cs = ( cs^ ) <p< n defines a total cocycle in the Bott bicomplex. 
Taking into account the structure equation (14.42 jl . the curvature form has 
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the expression 

p p 

n(t) = J2 dtiA (0(&-O - ^)) - X)<i(^(0i-O a - a t?(^)) 

1=1 8=1 
P 



1=1 
p 



^ ut 3 (m-i) - m)) a (^(^-o - 0(0,-)) ■ (4.48) 



Writing 



/" Tr (fi(t)^) + { -JT f Tl M*)*) 

J AP ^ I 1^Z-^~, ' */ AP 



^ p+l<fc<n 

one sees that the first term involves only the product of the p copies of 

p p 
£<ftiA(0(&-i)-0(&)) = £)d Si A0(&), 

i=l i=0 

where So = ti, . . . , Sj_i = U — £i_i, . . . , s p — 1 — t p . 

Up to a normalizing factor u p , this term coincides with C^^ p J<f>o, . . . ,<f> p ), 
where X(p) stands for the full cycle (1, . . . ,p). Thus, 



^CA( t p)^o,---,0p)+ £ I Tr(fi(t) fe )=cs 



( ^0o,-..,0 P ) 



p+l<fc<n 



This offers an exact recipe for how to complete the Hopf Hochschild cocycle 
Eo< P <« u p C pAp) to a total H °P f c y clic cocycle Y.Q< P < n u p TC pMp)- 

4.3.3. Transported via the characteristic maps, the above classes can be 
concretely realized in the cyclic bicomplex of etale groupoids. Thus, the 
expression 

C*x("oU; o , u p U; p ) = (4.49) 
Cjff* (1, 0o, • • • , P -i • • • 0o) A uj A 0oM A • ■ ■ A (0 P _! ■ ■ • o )*w p , 
if P • • • 0o = 1 and otherwise, 
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represents the bottom component C^f = ty H (Cffl t ) of the Chern class 
ty H (GiE ^) in the cyclic cohomology bicomplex of the differential graded 
crossed product algebra C q (D, Ct r{V)). 

Similarly, 

C p Y(/°,--.,r- p |0o,...,0 P ) = (4.50) 
/ fdf 1 A ■ ■ ■ A dP~v A C p B f (0O 1 , 0rVo \ ■ • • , • ■ ■ 00 \ 1)> 
if (j) p ■ ■ ■ 0o = 1 an d otherwise, 

represents the bottom component Cjf = T i ^(C^ tt ) of the corresponding 
Chern class in the cyclic cohomology bicomplex C*' m {C™(V), T). 

Finally, representatives for the Chern classes in the cyclic cohomology bi- 
complex C'(A c r(V)) can be obtained by transport via Connes' map $ H , cf. 

(|233). 
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